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Abstract. One of the earliest proposed applications of quantum computers was
the quadratic speedup of classical brute force search represented by Grover’s al-
gorithm. Since then various successor algorithms have been applied to a variety
of oracle problems including collision finding and claw finding. Such algorithms
have typically been analyzed in terms of query complexity, which is a somewhat
unphysical model of the cost of computation in the real world. Other models of
these algorithms, such as the quantum circuit model and the quantum random
access machine model of computation give more realistic, but sometimes con-
flicting answers regarding how much advantage the quantum algorithm provides
over the corresponding classical algorithm.
We instead adapt Bennett’s Brownian model of computation to directly esti-
mate the cost of both classical and quantum operations in terms of time, energy,
and memory. We apply this model to compare the best known quantum algo-
rithms for collision search and preimage search to their classical counterparts.
In the collision search case, our analysis agrees with previous analysis, based
on the gate model of quantum computation, suggesting that quantum compu-
tation provides no improvement over the best known classical algorithm. More
surprisingly, we find that a Brownian implementation of randomized classical
search can achieve the same tradeoffs between time, memory and energy as
Grover’s algorithm (at least up to logarithmic factors.) This implementation
uses thermal noise to drive a random walk within the internal state of a mostly
unpowered circuit.


Key words: Reversible Computation, Quantum Computation, Collision Search,
Preimage Search, Grover’s algorithm


1 Introduction


2 Bennett’s Brownian Computation Model


In contrast to ballistic models of computation (e.g. [1]), which are generally assumed
to be unrealistic, Brownian computers [2, 3] are assumed to operate near thermal equi-
librium at a finite temperature, T . As in the case of ballistic computers, to avoid being
constrained to consume at least kT ln2 energy per bit operation by the Landauer limit
[4], the program for a Brownian computer is encoded as a reversible circuit. In the
absence of any driving force, the state of the computing system at any given time may
be described as a random walk on that circuit, with state transitions that undo a useful
computation happening as often as those that perform it. In order for computations
to proceed forward at a nonzero expected rate, a driving force, dissipating an energy
of ε per gate is imposed. This leads forward transitions within the circuit to occur e


ε
kT


times more often than backward transitions, resulting in a net forward computation
rate proportional to ε


kT for ε small compared to kT .
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Some additional costs are required in order for Brownian computation to be achieved
fault-tolerantly. Energy barriers must be imposed to prevent transitions to physical
states outside the reversible circuit, representing the prescribed computation path. In
order to suppress the probability of such undesirable transitions so that a circuit of
size G can be completed with high probability, the size of these energy barriers must
at least be on the order of kT ln(kTε ·G). Additionally, dissipating a “latching” energy


of about kT ln(kTε ) during the computation’s final step is required to suppress back-
wards transitions once the computation has reached its halting state. These costs are
described in detail in [3].


The above costs may, however, be assumed to be negligible in a number of important
cases: In particular, the latching energy will be negligible when ε


kT is at least logarith-
mically more than 1


G . Additionally, establishing energy barriers to non-computational
paths is likely to be a negligible cost when a description of the circuit can be expressed
in a physically compact form, for example, using looping constructs. More precisely, if
we assume that the circuit can be compressed into a program of size m0, then the cost
of imposing energy barriers should be on the order of m0 · kT ln(kTε · G). This cost is


negligible as long as ε
kT is significantly larger than e−


G
m0 .


In fact, the initialization cost may be less than this, since it may be more proper to
think of the initialization process as rearranging the energy barriers already present in
the available raw materials for constructing our computer. The cost is then determined
by the Landauer limit and the information content of the circuit, including appropri-
ately large energy barriers. Since the size of these barriers does not need to be precislely
specified, but merely bounded above kT ln(kTε ·G), the information content of the cir-
cuit may grow sublogarithmically with G. All we can say with confidence is that the
information content of the circuit is at least m0, and therefore the initialization energy
is at least on the order of m0 · kT .


Thus far, we have only given asymptotic scalings for the relation between gate time
and per-gate energy, assuming a fixed temperature. However, if we make the heuristic
assumption that the rate at which gates are traversed due to Brownian motion is no
more than h


4kT , following the Margolus-Levitin theorem [5], then we can specify a lower
bound, independent of temperature, on the per-gate energy ε required to perform G
sequential operations in time t:


ε >
hG


4t
.


Finally, it is worth commenting on the feasibility of Brownian computation for
quantum computers. Brownian computation was originally proposed as a way to im-
prove the thermodynamic efficiency of classical computation. It should be noted that
many of the techniques that have been proposed for fault tolerance in quantum com-
puation are thermodynamically irreversible, in particular, syndrome measurement and
magic state preparation. These techniques cannot be used in a Brownian mode of com-
putation. However, there are some proposed techniques, such as the use of Fibonacci
anyons for universal quantum computation [?], that may be able to achieve fault tol-
erance without requiring significant thermodynamic irreversibility (although even in
such cases, the cost of fault tolerance is believed to be polylogarithmic in the size of
the circuit.) We will therefore optimistically assume that quantum operations can be
implemented in a Brownian fashion.


We now proceed to analyze the asymptotic complexity of classical and quantum
algorithms for collision and preimage search. We will generally ignore logarithmic fac-
tors. As we are engaged in asymptotic analysis, units are strictly speaking irrelevant,
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but assuming natural units (e.g. c = ~ = k = 1) may be desirable to keep constant
factors small.


3 Collision Search


The best known classical algorithm for finding collisions in a random function is the
parallel collision search algorithm of Van Oorschot and Wiener [6]. If the range of the
function is of order N , then, given M parallel processes each with memory O(1) the


algorithm can find a collision in expected serial depth O(
√
N
M ). The communication


cost between threads is negligible compared to overall computational costs as long as
M is smaller than


√
N by at least a logarithmic factor.


An improvement over classical collision search has been claimed by Brassard Høyer
and Tapp (BHT [7]). Their algorithm is a serial process consisting of O(N


1
3 ) opera-


tions and requires a memory of size N
1
3 . This can be generalized to arbitrary memory


size, M < O(N
1
3 ), giving a serial complexity of O


(√
N
M


)
. The BHT algorithm may


be further generalized to a parallel algorithm involving p parallel processors and a


shared memory M , where p < M < O
(


(Np)
1
3


)
.1 in this case, the serial complexity is


O
(√


N
Mp


)
.


Bernstein [8] has observed that the BHT algorithm, even if parallelized, does not
improve upon the Van Oorschot - Wiener algorithm, when measured in terms of mem-


ory and serial depth. Since the BHT algorithm also requires O
(√


N
M


)
random access


queries to a memory of size M , each requiring O(M) gates, it also does not improve
upon Van Oorschot Weiner algorithm when evaluated in terms of circuit size and depth
(See Beals et al. [9] for a more thorough analysis.) However, BHT does represent an
improvement over all classical algorithms in terms of query complexity. Furthermore,
the Quantum RAM model of Giovanetti et al. [10] gives a theoretical argument that
despite their large gate complexity, quantum memory access operations can be per-
formed at logarithmic energy cost. A question therefore remains whether there exists
a physically realistic model of computation where BHT is actually cheaper than the
classical algorithms for the same problem. However, if there is such a model, it is not
the Brownian model of computation, as we proceed to show:


We first analyze the quantum algorithm, calculating the total energy required to
perform a collision search, given a maximum time limit t and a maximum memory size
M . (Here, we assume, following the quantum RAM model, that the energy complex-
ity of the BHT is dominated by oracle queries rather than memory access): The per
operation energy ε scales with the serial complexity divided by t, i.e.:


εquant = O



√


N
Mp


t


 . (1)


The total energy E is then the product of the parallelism, the serial complexity,
and the per operation energy, i.e.:


1 Note this also implies that M < O
(√


N
)


. The constraint arises from the requirement that


the serial complexity, O
(


M
p


)
, of filling a table of size M with oracle values does not exceed


the serial complexity O
(√


N
Mp


)
of Grover search.
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Equant = O


p ·√ N


Mp
·


√
N
Mp


t


 = O


(
N


Mt


)
. (2)


Now, we analyze the classical algorithm: The per operation energy again scales with
the serial complexity, i.e.:


εcl = O


(√
N


Mt


)
. (3)


The total energy E is again the product of the parallelism (In this case p = O(M)),
the serial complexity, and the per operation energy, i.e.:


Ecl = O


(
M ·
√
N


M
·
√
N


Mt


)
= O


(
N


Mt


)
. (4)


Thus, even under optimistic assumptions within the Brownian model of compu-
tation, we find that quantum computers provide no advantage in terms of energy,
memory, or time, for solving the collision search problem.


4 Preimage Search


Grover’s algorithm finds preimages in a function with domain size N in serial com-
plexity O(


√
N). Grover’s algorithm can be generalized to take advantage of M parallel


processes each mith memory O(1), in which case the serial complexity is reduced to


O
(√


N
M


)
. If we impement Grover’s algorithm in a Brownian fashion, we find that


εquant = O



√


N
M


t


 , (5)


and,


Equant = O


M ·√N


M
·


√
N
M


t


 = O


(
N


t


)
. (6)


A näıve Brownian implementation for classical search would divide the key space
among M parallel processes, each of which would deterministically step throughN


M keys
searching for the correct one. Such a deterministic classical algorithm would require,


εdet = O


(
N


Mt


)
,


and,


Edet = O


(
M · N


M
· N
Mt


)
= O


(
N2


Mt


)
.


This already allows us to compete with Grover’s algorithm if we allow ourselves
a memory of size O(N). However, we can exploit the structure, or rather the lack of
structure, of the search problem to improve upon this figure. In particular, rather than
deterministically stepping through the keys, dissipating a driving energy each time,
we can simply allow Brownian motion to drive the system on a random walk through
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the keyspace. We will still require a latching energy to end the computation, once the
correct key has been found, and an initialization energy to create the necessary energy
barriers to prevent unwanted transitions from occuring.


If the search is implemented by M parallel processes, each of size O(1), then each
process must reach N


M keys. This requires the processes to operate at a temperature:


kT = O


(
N


Mt


)
. (7)


The initialization energy should be of order MkT i.e.:


Einit = O


(
M · N


Mt


)
= O


(
N


t


)
.


This is identical to the energy required by a Brownian implementation of Grover’s
algorithm. All that remains is to show that the latching energy is negligible. Indeed,
we find that the energy required to suppress backwards transitions from the final state
for a time of order t is O (kT ln(tkT )) = O


(
N
Mt ln


(
N
M


))
. This is negligible as long as


M is at least logarithmic in N .
Thus, as with collision search, the quantum and classical preimage search algorithms


appear to offer the same tradeoffs between time, energy , and memory:


Ecl = Equant = O


(
N


t


)
. (8)


5 Preimage Search at constant Power and Temperature /
Energy Scale


In contrast to the collision search case, matching the time/ memory/ energy tradeoffs of
Grover’s algorithm with a classical search requires a somewhat unrealistic assumption.
We assume that if a computational process can be accomplished at a temperature T in
a time t, then an isomorphic computation can also be accomplished at a temperature
αT in a time T


α . This would be true if physics were scale invariant, but the physics
of the real world is almost certainly not scale invariant. A more realistic model would
therefore restrict the range of temperatures where a given computation is considered
feasible. We will therefore repeat the analysis of the previous section assuming a fixed
temperature T . For added realism, in addition to memoryM , and time t, we will express
the resources required for search in terms of power, P = E


t , rather than energy, since
a fixed power budget is a more common limitation than a fixed energy budget.


From Equation 8 we find:


N = O
(
Pt2


)
.


Plugging this into Equation 7 gives us:


M = O


(
Pt


T


)
.


We can now calculate time and memory requirements in terms of T , P , and N :


tcl = O


(√
N


P


)
(9)


Mcl = O


(√
NP


T


)
(10)
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A similar analysis may be done in the quantum case. Here we use Equation 5 as a
lower bound for T . If the per gate energy ε exceeds kT , we enter the thermodynamic
regime of irreversible computing, as opposed to Brownian computing, at which point
the time per gate not only fails to further decrease with increasing ε, but must in fact
increase to prevent the waste heat from heating the computing system to a temperature
higher than T . Combining this bound with equation 6 then yields the following time
and memory requirements for Grover search at fixed power and temperature:


tquant = O


(√
N


P


)
(11)


Mquant = O


(
P


T 2


)
(12)


Thus we find, fixing power and temperature, that our classical search strategy re-
covers the squareroot time scaling of Grover’s algorithm. However, unlike Grover’s
algorithm, whose space requirement is determined only by the power budget and max-
imum operating temperature, the classical algorithm also requires memory that scales,
like the time, with the squareroot of the size of the search space.


6 Factors associated with the cost of oracle queries


The asymptotic complexities given in previous sections ignore the computational com-
plexity of individual oracle queries. Most of the results of previous sections remain
substantively similar if these factors are included. We will model each oracle query as
a circuit with depth d0, width m0, and total gates g0.


In the case of powered Brownian computation, the effect of these factors is fairly
straightforward. The memory imposed limit on paralleism (and number of table en-


tries in the case of BHT) is now pmax = O
(
M
m0


)
. Likewise, if t0 is the time per query


required to complete the computation in time t, we will now require an energy per gate


of ε = O
(
d0
t0


)
. We must also ensure that all the bits or qubits in the circuit advance


through it roughly synchronously. This can be done, for example, by associating a clock
state of size O (log(d0)) to each bit or qubit in the oracle circuit, and imposing a restor-
ing potential proportional to the squared difference of the clock states of neighboring
qubits. This will tend to couple the clock states of nearby qubits, but will not dissipate
any net energy. As with other energy barriers ensuring correct computation, this po-
tential need only extend logarithmically far from the equilibrium point, relative to the
total size of the computation. We will generally ignore the logarithmic memory cost of
the clock state and the logarithmic computational costs associated with creating inter-
actions between the clock state, but in more detailed models, they may be subsumed
into m0 and g0 respectively. Finally, we must take into account the number of gates
required to perform an oracle query, g0. Making these substitutions into equations 2,
and 4 gives the following energy costs for quantum and classical collision search:


Equant = O


p · g0
√
m0N


Mp
· d0


√
m0N
Mp


t


 = O


(
g0m0d0N


Mt


)
; (13)


Ecl = O


(
M


m0
· g0


m0


√
N


M
· m0d0


√
N


Mt


)
= O


(
g0m0d0N


Mt


)
. (14)
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Again, we find the classical and quantum complexities to be identical. In both cases,


the useful memory size is bounded above by O
(
m0


√
N
)


.


Similarly, we may make the same substitutions in equations 5 and 6 to include these
factors in the per gate and total energy cost Grover search:


εquant = O


d0
√


m0N
M


t


 ; (15)


Equant = O


M


m0
· g0


√
m0N


M
·
d0


√
m0N
M


t


 = O


(
g0d0N


t


)
. (16)


In the case of unpowered Brownian computation, we must calculate the temperature
T required for random Brownian motion to power the traversal of an oracle circuit of
depth d0 and containing g0 gates in time t0. To do this, we create a random variable, x
indicating the total number of gates that have been completed at a time t. We expect
that x will obey the usual formula for Brownian motion, 〈x2〉 = Dt, for some D,
which will depend on T , g0, and d0. We will then require Dt0 = O


(
g20
)
. It remains


to determine the scaling of D: Note that at any given time, on average O
(
g0
d0


)
gates


will be exposed to activation by thermal noise. (The remaining gates will be disallowed
by the clock states associated with their input/output bits.) Each of these gates is
expected to contribute O(Tdt) to d〈x2〉. The coupling potential between neighboring
clock states will also drive the activation of individual gates, but it should have no
net effect on x, since every gate driven forward by the couplining potential will be


counterbalanced by another gate driven backwards. Thus we find that D = O
(
Tg0
d0


)
and therefore T = O


(
g0d0
t0


)
.


We may now apply this analysis to equations 7 and 8. Since, in order to complete a
preimage search of size N in time, t with memory M , we need t0 = m0N


Mt , we find that:


Tcl = O


(
g0m0d0N


Mt


)
, (17)


and,


Ecl = O


(
M · g0m0d0N


Mt


)
= O


(
g0m0d0N


t


)
= O (m0Equant) . (18)


Note that, when we include cost factors associated with the size and computational
complexity of oracle queries, the mostly unpowered randomized preimage search is
more energy intensive than Grover’s algorithm by a factor of O(m0). Nonetheless, this
factor is generally expected to be logarithmic in N and may easily be overwhelmed by
the various costs associated with implementing fault tolerant quantum computation.
We may also consider the fixed power and temperature scenario discussed in section
5. In this case, equations 9, 10, 11, and 12 become:


tcl = O


(√
g0m0d0N


P


)
(19)


Mcl = O


(√
g0m0d0NP


T


)
(20)
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tquant = O


(√
g0d0N


P


)
(21)


Mquant = O


(
m0d0P


g0T 2


)
(22)


7 Conclusion
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\begin{abstract}

One of the earliest proposed applications of quantum computers was the quadratic speedup of classical brute force search represented by Grover's algorithm. Since then various successor algorithms have been applied to a variety of oracle problems including collision finding and claw finding. Such algorithms have typically been analyzed in terms of query complexity, which is a somewhat unphysical model of the cost of computation in the real world. Other models of these algorithms, such as the quantum circuit model and the quantum random access machine model of computation give more realistic, but sometimes conflicting answers regarding how much advantage the quantum algorithm provides over the corresponding classical algorithm.



We instead adapt Bennett's Brownian model of computation to directly estimate the cost of both classical and quantum operations in terms of time, energy, and memory. We apply this model to compare the best known quantum algorithms for collision search and preimage search to their classical counterparts. In the collision search case, our analysis agrees with previous analysis, based on the gate model of quantum computation, suggesting that quantum computation provides no improvement over the best known classical algorithm. More surprisingly, we find that a Brownian implementation of randomized classical search can achieve the same tradeoffs between time, memory and energy as Grover's algorithm (at least up to logarithmic factors.) This implementation uses thermal noise to drive a random walk within the internal state of a mostly unpowered circuit. 

 

\keywords{Reversible Computation, Quantum Computation, Collision Search, Preimage Search, Grover's algorithm}

\end{abstract}



\section{Introduction}



\section{Bennett's Brownian Computation Model}



In contrast to ballistic models of computation (e.g. \cite{Fredkin1982}), which are generally assumed to be unrealistic, Brownian computers \cite{Bennett1973,Bennett1982} are assumed to operate near thermal equilibrium at a finite temperature, $T$. As in the case of ballistic computers, to avoid being constrained to consume at least $kT ln 2$ energy per bit operation by the Landauer limit \cite{Landauer1961}, the program for a Brownian computer is encoded as a reversible circuit. In the absence of any driving force, the state of the computing system at any given time may be described as a random walk on that circuit, with state transitions that undo a useful computation happening as often as those that perform it. In order for computations to proceed forward at a nonzero expected rate, a driving force, dissipating an energy of $\epsilon$ per gate is imposed. This leads forward transitions within the circuit to occur $e^{\frac{\epsilon}{kT}}$ times more often than backward transitions, resulting in a net forward computation rate proportional to $\frac{\epsilon}{kT}$ for $\epsilon$ small compared to $kT$.



Some additional costs are required in order for Brownian computation to be achieved fault-tolerantly. Energy barriers must be imposed to prevent transitions to physical states outside the reversible circuit, representing the prescribed computation path. In order to suppress the probability of such undesirable transitions so that a circuit of size $G$ can be completed with high probability, the size of these energy barriers must at least be on the order of $kT ln (\frac{kT}{\epsilon}\cdot G).$ Additionally, dissipating a ``latching" energy of about $kT ln (\frac{kT}{\epsilon})$ during the computation's final step is required to suppress backwards transitions once the computation has reached its halting state. These costs are described in detail in \cite{Bennett1982}.



The above costs may, however, be assumed to be negligible in a number of important cases: In particular, the latching energy will be negligible when $\frac{\epsilon}{kT}$ is at least logarithmically more than $\frac{1}{G}$. Additionally, establishing energy barriers to non-computational paths is likely to be a negligible cost when a description of the circuit can be expressed in a physically compact form, for example, using looping constructs. More precisely, if we assume that the circuit can be compressed into a program of size $m_0$, then the cost of imposing energy barriers should be on the order of $m_0\cdot kT ln (\frac{kT}{\epsilon}\cdot G).$ This cost is negligible as long as $\frac{\epsilon}{kT}$ is significantly larger than $e^{-\frac{G}{m_0}}$.



In fact, the initialization cost may be less than this, since it may be more proper to think of the initialization process as rearranging the energy barriers already present in the available raw materials for constructing our computer. The cost is then determined by the Landauer limit and the information content of the circuit, including appropriately large energy barriers. Since the size of these barriers does not need to be precislely specified, but merely bounded above $kT ln (\frac{kT}{\epsilon}\cdot G)$, the information content of the circuit may grow sublogarithmically with $G$. All we can say with confidence is that the information content of the circuit is at least $m_0$, and therefore the initialization energy is at least on the order of $m_0\cdot kT$.



Thus far, we have only given asymptotic scalings for the relation between gate time and per-gate energy, assuming a fixed temperature. However, if we make the heuristic assumption that the rate at which gates are traversed due to Brownian motion is no more than $\frac{h}{4kT}$, following the Margolus-Levitin theorem \cite{Margolus1998}, then we can specify a lower bound, independent of temperature, on the per-gate energy $\epsilon$ required to perform $G$ sequential operations in time $t$: 



\[

\epsilon > \frac{hG}{4t}.

\]



Finally, it is worth commenting on the feasibility of Brownian computation for quantum computers. Brownian computation was originally proposed as a way to improve the thermodynamic efficiency of classical computation. It should be noted that many of the techniques that have been proposed for fault tolerance in quantum compuation are thermodynamically irreversible, in particular, syndrome measurement and magic state preparation. These techniques cannot be used in a Brownian mode of computation. However, there are some proposed techniques, such as the use of Fibonacci anyons for universal quantum computation \cite{AskStevenWhattoCiteHere}, that may be able to achieve fault tolerance without requiring significant thermodynamic irreversibility (although even in such cases, the cost of fault tolerance is believed to be polylogarithmic in the size of the circuit.) We will therefore optimistically assume that quantum operations can be implemented in a Brownian fashion.



We now proceed to analyze the asymptotic complexity of classical and quantum algorithms for collision and preimage search. We will generally ignore logarithmic factors. As we are engaged in asymptotic analysis, units are strictly speaking irrelevant, but assuming natural units (e.g. $c = \hbar = k = 1$) may be desirable to keep constant factors small. 

 

\section{Collision Search}



The best known classical algorithm for finding collisions in a random function is the parallel collision search algorithm of Van Oorschot and Wiener \cite{vanOorschot1999}. If the range of the function is of order $N$, then, given $M$ parallel processes each with memory $O(1)$ the algorithm can find a collision in expected serial depth $O(\frac{\sqrt{N}}{M})$. The communication cost between threads is negligible compared to overall computational costs as long as $M$ is smaller than $\sqrt{N}$ by at least a logarithmic factor.



An improvement over classical collision search has been claimed by Brassard H{\o}yer and Tapp (BHT \cite{Brassard1998}). Their algorithm is a serial process consisting of $O(N^{\frac{1}{3}})$ operations and requires a memory of size $N^{\frac{1}{3}}$. This can be generalized to arbitrary memory size, $M<O(N^{\frac{1}{3}})$, giving a serial complexity of $O\left(\sqrt{\frac{N}{M}}\right)$. The BHT algorithm may be further generalized to a parallel algorithm involving $p$ parallel processors and a shared memory $M$, where $p<M<O\left((Np)^{\frac{1}{3}}\right)$.\footnote{Note this also implies that $M< O\left(\sqrt{N}\right)$. The constraint arises from the requirement that the serial complexity, $O\left(\frac{M}{p}\right)$, of filling a table of size $M$ with oracle values does not exceed the serial complexity $O\left(\sqrt{\frac{N}{Mp}}\right)$ of Grover search.} in this case, the serial complexity is $O\left(\sqrt{\frac{N}{Mp}}\right)$.



Bernstein \cite{bernstein2009cost} has observed that the BHT algorithm, even if parallelized, does not improve upon the Van Oorschot - Wiener algorithm, when measured in terms of memory and serial depth. Since the BHT algorithm also requires $O\left(\sqrt{\frac{N}{M}}\right)$ random access queries to a memory of size $M$, each requiring $O(M)$ gates, it also does not improve upon Van Oorschot Weiner algorithm when evaluated in terms of circuit size and depth (See Beals et al. \cite{beals2013efficient} for a more thorough analysis.) However, BHT does represent an improvement over all classical algorithms in terms of query complexity. Furthermore, the Quantum RAM model of Giovanetti et al. \cite{giovannetti2008quantum} gives a theoretical argument that despite their large gate complexity, quantum memory access operations can be performed at logarithmic energy cost. A question therefore remains whether there exists a physically realistic model of computation where BHT is actually cheaper than the classical algorithms for the same problem. However, if there is such a model, it is not the Brownian model of computation, as we proceed to show:



We first analyze the quantum algorithm, calculating the total energy required to perform a collision search, given a maximum time limit $t$ and a maximum memory size $M$. (Here, we assume, following the quantum RAM model, that the energy complexity of the BHT is dominated by oracle queries rather than memory access): The per operation energy $\epsilon$ scales with the serial complexity divided by $t$, i.e.:



\begin{equation}\label{TBHT}

\epsilon_{quant} = O\left(\frac{\sqrt{\frac{N}{Mp}}}{t}\right). 

\end{equation}

 

The total energy $E$ is then the product of the parallelism, the serial complexity, and the per operation energy, i.e.:



\begin{equation}\label{EBHT}

E_{quant} = O\left(p \cdot \sqrt{\frac{N}{Mp}} \cdot \frac{\sqrt{\frac{N}{Mp}}}{t} \right) = O\left(\frac{N}{Mt} \right).

\end{equation}



Now, we analyze the classical algorithm: The per operation energy again scales with the serial complexity, i.e.:



\begin{equation}\label{TVOW}

\epsilon_{cl} = O\left(\frac{\sqrt{N}}{Mt}\right). 

\end{equation}



The total energy $E$ is again the product of the parallelism (In this case $p = O(M)$), the serial complexity, and the per operation energy, i.e.:



\begin{equation}\label{EVOW}

E_{cl} = O\left( M \cdot \frac{\sqrt{N}}{M} \cdot \frac{\sqrt{N}}{Mt} \right) = O\left(\frac{N}{Mt} \right).

\end{equation}



Thus, even under optimistic assumptions within the Brownian model of computation, we find that quantum computers provide no advantage in terms of energy, memory, or time, for solving the collision search problem.  



\section{Preimage Search}



Grover's algorithm finds preimages in a function with domain size $N$ in serial complexity $O(\sqrt N)$. Grover's algorithm can be generalized to take advantage of $M$ parallel processes each mith memory $O(1)$, in which case the serial complexity is reduced to $O\left(\sqrt{\frac{N}{M}}\right)$. If we impement Grover's algorithm in a Brownian fashion, we find that



\begin{equation}\label{TGrover}

\epsilon_{quant} = O\left(\frac{\sqrt{\frac{N}{M}}}{t} \right),

\end{equation}



and,



\begin{equation}\label{EGrover}

E_{quant} = O\left(M \cdot \sqrt{\frac{N}{M}} \cdot \frac{\sqrt{\frac{N}{M}}}{t} \right) = O\left(\frac{N}{t}\right).

\end{equation}



A na\"ive Brownian implementation for classical search would divide the key space among $M$ parallel processes, each of which would deterministically step through$\frac{N}{M}$ keys searching for the correct one. Such a deterministic classical algorithm would require,



\[

\epsilon_{det} = O\left(\frac{N}{Mt}\right), 

\]



and,



\[

E_{det} = O\left( M \cdot \frac{N}{M} \cdot \frac{N}{Mt} \right) = O\left(\frac{N^2}{Mt} \right).

\]



This already allows us to compete with Grover's algorithm if we allow ourselves a memory of size $O(N).$

%\footnote{This is somewhat unrealistic. We have neglected the initialization cost of memory, and this is only warranted when we can expel waste heat at a temperature $T$ such that

%$\frac{M}{N} < O\left(\sqrt{\frac{kTt}{\hbar}}\right)$. If we use realistic figures, e.g. $t = 1$ year, $T = 300K$, we find that $M$ must be smaller than $N$ by at least a factor of

%$3\times10^{10}$ in order to make the initialization cost negligible, and so the optimal Brownian energy efficiency of the Na\"ive classical algorithm is less than that for Grover's algorithm by

%the same factor. Note however, that if the algorithm is run multiple times in series, it only needs to be initialized once. Additional initializations can be obtained more cheaply by uncomputing.}

However, we can exploit the structure, or rather the lack of structure, of the search problem to improve upon this figure. In particular, rather than deterministically stepping through the keys, dissipating a driving energy each time, we can simply allow Brownian motion to drive the system on a random walk through the keyspace. We will still require a latching energy to end the computation, once the correct key has been found, and an initialization energy to create the necessary energy barriers to prevent unwanted transitions from occuring.



If the search is implemented by $M$ parallel processes, each of size $O(1)$, then each process must reach $\frac{N}{M}$ keys.  This requires the processes to operate at a temperature:



\begin{equation}\label{Tpreimage}

kT = O\left(\frac{N}{Mt}\right).

\end{equation}



The initialization energy should be of order $MkT$ i.e.:



\[

E_{init} = O\left(M \cdot \frac{N}{Mt}\right) =  O\left(\frac{N}{t}\right).

\]



This is identical to the energy required by a Brownian implementation of Grover's algorithm. All that remains is to show that the latching energy is negligible. Indeed, we find that the energy required to suppress backwards transitions from the final state for a time of order t is $O\left(kT ln(t kT)\right) = O\left(\frac{N}{Mt}ln\left(\frac{N}{M}\right)\right)$. This is negligible as long as $M$ is at least logarithmic in $N$.



Thus, as with collision search, the quantum and classical preimage search algorithms appear to offer the same tradeoffs between time, energy , and memory:



\begin{equation} \label{Epreimage}

E_{cl} = E_{quant} = O \left(\frac{N}{t}\right).

\end{equation}



\section{Preimage Search at constant Power and Temperature / Energy Scale}\label{PandT}



In contrast to the collision search case, matching the time/ memory/ energy tradeoffs of Grover's algorithm with a classical search requires a somewhat unrealistic assumption. We assume that  if a computational process can be accomplished at a temperature $T$ in a time $t$, then an isomorphic computation can also be accomplished at a temperature $\alpha T$ in a time $\frac {T}{\alpha}$. This would be true if physics were scale invariant, but the physics of the real world is almost certainly not scale invariant. A more realistic model would therefore restrict the range of temperatures where a given computation is considered feasible. We will therefore repeat the analysis of the previous section assuming a fixed temperature $T$. For added realism, in addition to memory $M$, and time $t$, we will express the resources required for search in terms of power, $P = \frac{E}{t}$, rather than energy, since a fixed power budget is a more common limitation than a fixed energy budget.



From Equation~\ref{Epreimage} we find:



\[

N=O\left(Pt^2\right).

\]



Plugging this into Equation~\ref{Tpreimage} gives us:

\[

M=O\left(\frac{Pt}{T}\right).

\]



We can now calculate time and memory requirements in terms of $T$, $P$, and $N$:



\begin{align}\label{tpreimage}

t_{cl} = O\left(\sqrt{\frac{N}{P}}\right)\\

\label{Mpreimage}

M_{cl} = O\left(\frac{\sqrt{NP}}{T}\right)

\end{align}



A similar analysis may be done in the quantum case. Here we use Equation~\ref{TGrover} as a lower bound for $T$. If the per gate energy $\epsilon$ exceeds $kT$, we enter the thermodynamic regime of irreversible computing, as opposed to Brownian computing, at which point the time per gate not only fails to further decrease with increasing $\epsilon$, but must in fact increase to prevent the waste heat from heating the computing system to a temperature higher than $T$. Combining this bound with equation~\ref{EGrover} then yields the following time and memory requirements for Grover search at fixed power and temperature:



\begin{align}\label{tGrover}

t_{quant} = O\left(\sqrt{\frac{N}{P}}\right)\\

\label{MGrover}

M_{quant} = O\left(\frac{P}{T^2}\right)

\end{align}



Thus we find, fixing power and temperature, that our classical search strategy recovers the squareroot time scaling of Grover's algorithm. However, unlike Grover's algorithm, whose space requirement is determined only by the power budget and maximum operating temperature, the classical algorithm also requires memory that scales, like the time, with the squareroot of the size of the search space.



\section{Factors associated with the cost of oracle queries}

The asymptotic complexities given in previous sections ignore the computational complexity of individual oracle queries. Most of the results of previous sections remain substantively similar if these factors are included. We will model each oracle query as a circuit with depth $d_0$, width $m_0$, and total gates $g_0$.



In the case of powered Brownian computation, the effect of these factors is fairly straightforward. The memory imposed limit on paralleism (and number of table entries in the case of BHT) is now $p_{max} = O\left(\frac{M}{m_0}\right)$. Likewise, if $t_0$ is the time per query required to complete the computation in time $t$, we will now require an energy per gate of $\epsilon = O\left(\frac{d_0}{t_0}\right)$. We must also ensure that all the bits or qubits in the circuit advance through it roughly synchronously. This can be done, for example, by associating a clock state of size $O\left(log(d_0)\right)$ to each bit or qubit in the oracle circuit, and imposing a restoring potential proportional to the squared difference of the clock states of neighboring qubits. This will tend to couple the clock states of nearby qubits, but will not dissipate any net energy. As with other energy barriers ensuring correct computation, this potential need only extend logarithmically far from the equilibrium point, relative to the total size of the computation. We will generally ignore the logarithmic memory cost of the clock state and the logarithmic computational costs associated with creating interactions between the clock state, but in more detailed models, they may be subsumed into $m_0$ and $g_0$ respectively. Finally, we must take into account the number of gates required to perform an oracle query, $g_0$. Making these substitutions into equations~\ref{EBHT}, and \ref{EVOW} gives the following energy costs for quantum and classical collision search:



\begin{equation}\label{EBHTfull}

E_{quant} = O\left(p \cdot  g_0\sqrt{\frac{m_0N}{Mp}} \cdot d_0\frac{\sqrt{\frac{m_0N}{Mp}}}{t} \right) = O\left(\frac{g_0m_0d_0N}{Mt} \right);

\end{equation}



\begin{equation}\label{EVOWfull}

E_{cl} = O\left(\frac{M}{m_0} \cdot g_0\frac{m_0\sqrt{N}}{M} \cdot \frac{m_0d_0\sqrt{N}}{Mt} \right) = O\left(\frac{g_0m_0d_0N}{Mt} \right).

\end{equation}



Again, we find the classical and quantum complexities to be identical. In both cases, the useful memory size is bounded above by $O\left(m_0\sqrt{N}\right)$.



Similarly, we may make the same substitutions in equations~\ref{TGrover} and \ref{EGrover} to include these factors in the per gate and total energy cost Grover search:



\begin{equation}\label{TGroverfull}

\epsilon_{quant} = O\left(\frac{d_0\sqrt{\frac{m_0N}{M}}}{t} \right);

\end{equation}



\begin{equation}\label{EGroverfull}

E_{quant} = O\left(\frac{M}{m_0} \cdot g_0\sqrt{\frac{m_0N}{M}} \cdot \frac{d_0\sqrt{\frac{m_0N}{M}}}{t} \right) = O\left(\frac{g_0d_0N}{t}\right).

\end{equation}



In the case of unpowered Brownian computation, we must calculate the temperature $T$ required for random Brownian motion to power the traversal of an oracle circuit of depth $d_0$ and containing $g_0$ gates in time $t_0$. To do this, we create a random variable, $x$ indicating the total number of gates that have been completed at a time $t$. We expect that $x$ will obey the usual formula for Brownian motion, $\langle x^2 \rangle = Dt$, for some $D$, which will depend on $T$, $g_0,$ and $d_0$. We will then require $Dt_0 = O\left(g_0^2\right)$. It remains to determine the scaling of $D$: Note that at any given time, on average $O\left(\frac{g_0}{d_0}\right)$ gates will be exposed to activation by thermal noise. (The remaining gates will be disallowed by the clock states associated with their input/output bits.) Each of these gates is expected to contribute $O(Tdt)$ to $d\langle x^2\rangle$. The coupling potential between neighboring clock states will also drive the activation of individual gates, but it should have no net effect on $x$, since every gate driven forward by the couplining potential will be counterbalanced by another gate driven backwards. Thus we find that $D = O\left(\frac{Tg_0}{d_0}\right)$ and therefore $T = O\left(\frac{g_0d_0}{t_0}\right)$.



We may now apply this analysis to equations~\ref{Tpreimage} and \ref{Epreimage}. Since, in order to complete a preimage search of size $N$ in time, $t$ with memory $M$, we need $t_0 = \frac{m_0N}{Mt}$, we find that:



\begin{equation}\label{Tpreimagefull}

T_{cl} = O\left(\frac{g_0m_0d_0N}{Mt}\right),

\end{equation}



and,



\begin{equation}\label{Epreimagefull}

E_{cl} = O\left(M \cdot \frac{g_0m_0d_0N}{Mt}\right) =  O\left(\frac{g_0m_0d_0N}{t}\right) = O\left(m_0 E_{quant}\right).

\end{equation}



Note that, when we include cost factors associated with the size and computational complexity of oracle queries, the mostly unpowered randomized preimage search is more energy intensive than Grover's algorithm by a factor of $O(m_0)$. Nonetheless, this factor is generally expected to be logarithmic in $N$ and may easily be overwhelmed by the various costs associated with implementing fault tolerant quantum computation. We may also consider the fixed power and temperature scenario discussed in section \ref{PandT}. In this case, equations~\ref{tpreimage}, \ref{Mpreimage}, \ref{tGrover}, and \ref{MGrover} become:



\begin{align}

t_{cl} = O\left(\sqrt{\frac{g_0m_0d_0N}{P}}\right)\\

M_{cl} = O\left(\frac{\sqrt{g_0m_0d_0NP}}{T}\right)

\end{align}



\begin{align}

t_{quant} = O\left(\sqrt{\frac{g_0d_0N}{P}}\right)\\

M_{quant} = O\left(\frac{m_0d_0P}{g_0T^2}\right)

\end{align}



\section{Conclusion}
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\RequirePackage{multicol} % needed for the list of participants, index



\setlength{\textwidth}{12.2cm}

\setlength{\textheight}{19.3cm}

\renewcommand\@pnumwidth{2em}

\renewcommand\@tocrmarg{3.5em}

%

\def\@dottedtocline#1#2#3#4#5{%

  \ifnum #1>\c@tocdepth \else

    \vskip \z@ \@plus.2\p@

    {\leftskip #2\relax \rightskip \@tocrmarg \advance\rightskip by 0pt plus 2cm

               \parfillskip -\rightskip \pretolerance=10000

     \parindent #2\relax\@afterindenttrue

     \interlinepenalty\@M

     \leavevmode

     \@tempdima #3\relax

     \advance\leftskip \@tempdima \null\nobreak\hskip -\leftskip

     {#4}\nobreak

     \leaders\hbox{$\m@th

        \mkern \@dotsep mu\hbox{.}\mkern \@dotsep

        mu$}\hfill

     \nobreak

     \hb@xt@\@pnumwidth{\hfil\normalfont \normalcolor #5}%

     \par}%

  \fi}

%

\def\switcht@albion{%

\def\abstractname{Abstract.}

\def\ackname{Acknowledgement.}

\def\andname{and}

\def\lastandname{\unskip, and}

\def\appendixname{Appendix}

\def\chaptername{Chapter}

\def\claimname{Claim}

\def\conjecturename{Conjecture}

\def\contentsname{Table of Contents}

\def\corollaryname{Corollary}

\def\definitionname{Definition}

\def\examplename{Example}

\def\exercisename{Exercise}

\def\figurename{Fig.}

\def\keywordname{{\bf Key words:}}

\def\indexname{Index}

\def\lemmaname{Lemma}

\def\contriblistname{List of Contributors}

\def\listfigurename{List of Figures}

\def\listtablename{List of Tables}

\def\mailname{{\it Correspondence to\/}:}

\def\noteaddname{Note added in proof}

\def\notename{Note}

\def\partname{Part}

\def\problemname{Problem}

\def\proofname{Proof}

\def\propertyname{Property}

\def\propositionname{Proposition}

\def\questionname{Question}

\def\remarkname{Remark}

\def\seename{see}

\def\solutionname{Solution}

\def\subclassname{{\it Subject Classifications\/}:}

\def\tablename{Table}

\def\theoremname{Theorem}}

\switcht@albion

% Names of theorem like environments are already defined

% but must be translated if another language is chosen

%

% French section

\def\switcht@francais{%\typeout{On parle francais.}%

 \def\abstractname{R\'esum\'e.}%

 \def\ackname{Remerciements.}%

 \def\andname{et}%

 \def\lastandname{ et}%

 \def\appendixname{Appendice}

 \def\chaptername{Chapitre}%

 \def\claimname{Pr\'etention}%

 \def\conjecturename{Hypoth\`ese}%

 \def\contentsname{Table des mati\`eres}%

 \def\corollaryname{Corollaire}%

 \def\definitionname{D\'efinition}%

 \def\examplename{Exemple}%

 \def\exercisename{Exercice}%

 \def\figurename{Fig.}%

 \def\keywordname{{\bf Mots-cl\'e:}}

 \def\indexname{Index}

 \def\lemmaname{Lemme}%

 \def\contriblistname{Liste des contributeurs}

 \def\listfigurename{Liste des figures}%

 \def\listtablename{Liste des tables}%

 \def\mailname{{\it Correspondence to\/}:}

 \def\noteaddname{Note ajout\'ee \`a l'\'epreuve}%

 \def\notename{Remarque}%

 \def\partname{Partie}%

 \def\problemname{Probl\`eme}%

 \def\proofname{Preuve}%

 \def\propertyname{Caract\'eristique}%

%\def\propositionname{Proposition}%

 \def\questionname{Question}%

 \def\remarkname{Remarque}%

 \def\seename{voir}

 \def\solutionname{Solution}%

 \def\subclassname{{\it Subject Classifications\/}:}

 \def\tablename{Tableau}%

 \def\theoremname{Th\'eor\`eme}%

}

%

% German section

\def\switcht@deutsch{%\typeout{Man spricht deutsch.}%

 \def\abstractname{Zusammenfassung.}%

 \def\ackname{Danksagung.}%

 \def\andname{und}%

 \def\lastandname{ und}%

 \def\appendixname{Anhang}%

 \def\chaptername{Kapitel}%

 \def\claimname{Behauptung}%

 \def\conjecturename{Hypothese}%

 \def\contentsname{Inhaltsverzeichnis}%

 \def\corollaryname{Korollar}%

%\def\definitionname{Definition}%

 \def\examplename{Beispiel}%

 \def\exercisename{\"Ubung}%

 \def\figurename{Abb.}%

 \def\keywordname{{\bf Schl\"usselw\"orter:}}

 \def\indexname{Index}

%\def\lemmaname{Lemma}%

 \def\contriblistname{Mitarbeiter}

 \def\listfigurename{Abbildungsverzeichnis}%

 \def\listtablename{Tabellenverzeichnis}%

 \def\mailname{{\it Correspondence to\/}:}

 \def\noteaddname{Nachtrag}%

 \def\notename{Anmerkung}%

 \def\partname{Teil}%

%\def\problemname{Problem}%

 \def\proofname{Beweis}%

 \def\propertyname{Eigenschaft}%

%\def\propositionname{Proposition}%

 \def\questionname{Frage}%

 \def\remarkname{Anmerkung}%

 \def\seename{siehe}

 \def\solutionname{L\"osung}%

 \def\subclassname{{\it Subject Classifications\/}:}

 \def\tablename{Tabelle}%

%\def\theoremname{Theorem}%

}



% Ragged bottom for the actual page

\def\thisbottomragged{\def\@textbottom{\vskip\z@ plus.0001fil

\global\let\@textbottom\relax}}



\renewcommand\small{%

   \@setfontsize\small\@ixpt{11}%

   \abovedisplayskip 8.5\p@ \@plus3\p@ \@minus4\p@

   \abovedisplayshortskip \z@ \@plus2\p@

   \belowdisplayshortskip 4\p@ \@plus2\p@ \@minus2\p@

   \def\@listi{\leftmargin\leftmargini

               \parsep 0\p@ \@plus1\p@ \@minus\p@

               \topsep 8\p@ \@plus2\p@ \@minus4\p@

               \itemsep0\p@}%

   \belowdisplayskip \abovedisplayskip

}



\frenchspacing

\widowpenalty=10000

\clubpenalty=10000



\setlength\oddsidemargin   {63\p@}

\setlength\evensidemargin  {63\p@}

\setlength\marginparwidth  {90\p@}



\setlength\headsep   {16\p@}



\setlength\footnotesep{7.7\p@}

\setlength\textfloatsep{8mm\@plus 2\p@ \@minus 4\p@}

\setlength\intextsep   {8mm\@plus 2\p@ \@minus 2\p@}



\setcounter{secnumdepth}{2}



\newcounter {chapter}

\renewcommand\thechapter      {\@arabic\c@chapter}



\newif\if@mainmatter \@mainmattertrue

\newcommand\frontmatter{\cleardoublepage

            \@mainmatterfalse\pagenumbering{Roman}}

\newcommand\mainmatter{\cleardoublepage

       \@mainmattertrue\pagenumbering{arabic}}

\newcommand\backmatter{\if@openright\cleardoublepage\else\clearpage\fi

      \@mainmatterfalse}



\renewcommand\part{\cleardoublepage

                 \thispagestyle{empty}%

                 \if@twocolumn

                     \onecolumn

                     \@tempswatrue

                   \else

                     \@tempswafalse

                 \fi

                 \null\vfil

                 \secdef\@part\@spart}



\def\@part[#1]#2{%

    \ifnum \c@secnumdepth >-2\relax

      \refstepcounter{part}%

      \addcontentsline{toc}{part}{\thepart\hspace{1em}#1}%

    \else

      \addcontentsline{toc}{part}{#1}%

    \fi

    \markboth{}{}%

    {\centering

     \interlinepenalty \@M

     \normalfont

     \ifnum \c@secnumdepth >-2\relax

       \huge\bfseries \partname~\thepart

       \par

       \vskip 20\p@

     \fi

     \Huge \bfseries #2\par}%

    \@endpart}

\def\@spart#1{%

    {\centering

     \interlinepenalty \@M

     \normalfont

     \Huge \bfseries #1\par}%

    \@endpart}

\def\@endpart{\vfil\newpage

              \if@twoside

                \null

                \thispagestyle{empty}%

                \newpage

              \fi

              \if@tempswa

                \twocolumn

              \fi}



\newcommand\chapter{\clearpage

                    \thispagestyle{empty}%

                    \global\@topnum\z@

                    \@afterindentfalse

                    \secdef\@chapter\@schapter}

\def\@chapter[#1]#2{\ifnum \c@secnumdepth >\m@ne

                       \if@mainmatter

                         \refstepcounter{chapter}%

                         \typeout{\@chapapp\space\thechapter.}%

                         \addcontentsline{toc}{chapter}%

                                  {\protect\numberline{\thechapter}#1}%

                       \else

                         \addcontentsline{toc}{chapter}{#1}%

                       \fi

                    \else

                      \addcontentsline{toc}{chapter}{#1}%

                    \fi

                    \chaptermark{#1}%

                    \addtocontents{lof}{\protect\addvspace{10\p@}}%

                    \addtocontents{lot}{\protect\addvspace{10\p@}}%

                    \if@twocolumn

                      \@topnewpage[\@makechapterhead{#2}]%

                    \else

                      \@makechapterhead{#2}%

                      \@afterheading

                    \fi}

\def\@makechapterhead#1{%

% \vspace*{50\p@}%

  {\centering

    \ifnum \c@secnumdepth >\m@ne

      \if@mainmatter

        \large\bfseries \@chapapp{} \thechapter

        \par\nobreak

        \vskip 20\p@

      \fi

    \fi

    \interlinepenalty\@M

    \Large \bfseries #1\par\nobreak

    \vskip 40\p@

  }}

\def\@schapter#1{\if@twocolumn

                   \@topnewpage[\@makeschapterhead{#1}]%

                 \else

                   \@makeschapterhead{#1}%

                   \@afterheading

                 \fi}

\def\@makeschapterhead#1{%

% \vspace*{50\p@}%

  {\centering

    \normalfont

    \interlinepenalty\@M

    \Large \bfseries  #1\par\nobreak

    \vskip 40\p@

  }}



\renewcommand\section{\@startsection{section}{1}{\z@}%

                       {-18\p@ \@plus -4\p@ \@minus -4\p@}%

                       {12\p@ \@plus 4\p@ \@minus 4\p@}%

                       {\normalfont\large\bfseries\boldmath

                        \rightskip=\z@ \@plus 8em\pretolerance=10000 }}

\renewcommand\subsection{\@startsection{subsection}{2}{\z@}%

                       {-18\p@ \@plus -4\p@ \@minus -4\p@}%

                       {8\p@ \@plus 4\p@ \@minus 4\p@}%

                       {\normalfont\normalsize\bfseries\boldmath

                        \rightskip=\z@ \@plus 8em\pretolerance=10000 }}

\renewcommand\subsubsection{\@startsection{subsubsection}{3}{\z@}%

                       {-18\p@ \@plus -4\p@ \@minus -4\p@}%

                       {-0.5em \@plus -0.22em \@minus -0.1em}%

                       {\normalfont\normalsize\bfseries\boldmath}}

\renewcommand\paragraph{\@startsection{paragraph}{4}{\z@}%

                       {-12\p@ \@plus -4\p@ \@minus -4\p@}%

                       {-0.5em \@plus -0.22em \@minus -0.1em}%

                       {\normalfont\normalsize\itshape}}

\renewcommand\subparagraph[1]{\typeout{LLNCS warning: You should not use

                  \string\subparagraph\space with this class}\vskip0.5cm

You should not use \verb|\subparagraph| with this class.\vskip0.5cm}



\DeclareMathSymbol{\Gamma}{\mathalpha}{letters}{"00}

\DeclareMathSymbol{\Delta}{\mathalpha}{letters}{"01}

\DeclareMathSymbol{\Theta}{\mathalpha}{letters}{"02}

\DeclareMathSymbol{\Lambda}{\mathalpha}{letters}{"03}

\DeclareMathSymbol{\Xi}{\mathalpha}{letters}{"04}

\DeclareMathSymbol{\Pi}{\mathalpha}{letters}{"05}

\DeclareMathSymbol{\Sigma}{\mathalpha}{letters}{"06}

\DeclareMathSymbol{\Upsilon}{\mathalpha}{letters}{"07}

\DeclareMathSymbol{\Phi}{\mathalpha}{letters}{"08}

\DeclareMathSymbol{\Psi}{\mathalpha}{letters}{"09}

\DeclareMathSymbol{\Omega}{\mathalpha}{letters}{"0A}



\let\footnotesize\small



\if@custvec

\def\vec#1{\mathchoice{\mbox{\boldmath$\displaystyle#1$}}

{\mbox{\boldmath$\textstyle#1$}}

{\mbox{\boldmath$\scriptstyle#1$}}

{\mbox{\boldmath$\scriptscriptstyle#1$}}}

\fi



\def\squareforqed{\hbox{\rlap{$\sqcap$}$\sqcup$}}

\def\qed{\ifmmode\squareforqed\else{\unskip\nobreak\hfil

\penalty50\hskip1em\null\nobreak\hfil\squareforqed

\parfillskip=0pt\finalhyphendemerits=0\endgraf}\fi}



\def\getsto{\mathrel{\mathchoice {\vcenter{\offinterlineskip

\halign{\hfil

$\displaystyle##$\hfil\cr\gets\cr\to\cr}}}

{\vcenter{\offinterlineskip\halign{\hfil$\textstyle##$\hfil\cr\gets

\cr\to\cr}}}

{\vcenter{\offinterlineskip\halign{\hfil$\scriptstyle##$\hfil\cr\gets

\cr\to\cr}}}

{\vcenter{\offinterlineskip\halign{\hfil$\scriptscriptstyle##$\hfil\cr

\gets\cr\to\cr}}}}}

\def\lid{\mathrel{\mathchoice {\vcenter{\offinterlineskip\halign{\hfil

$\displaystyle##$\hfil\cr<\cr\noalign{\vskip1.2pt}=\cr}}}

{\vcenter{\offinterlineskip\halign{\hfil$\textstyle##$\hfil\cr<\cr

\noalign{\vskip1.2pt}=\cr}}}

{\vcenter{\offinterlineskip\halign{\hfil$\scriptstyle##$\hfil\cr<\cr

\noalign{\vskip1pt}=\cr}}}

{\vcenter{\offinterlineskip\halign{\hfil$\scriptscriptstyle##$\hfil\cr

<\cr

\noalign{\vskip0.9pt}=\cr}}}}}

\def\gid{\mathrel{\mathchoice {\vcenter{\offinterlineskip\halign{\hfil

$\displaystyle##$\hfil\cr>\cr\noalign{\vskip1.2pt}=\cr}}}

{\vcenter{\offinterlineskip\halign{\hfil$\textstyle##$\hfil\cr>\cr

\noalign{\vskip1.2pt}=\cr}}}

{\vcenter{\offinterlineskip\halign{\hfil$\scriptstyle##$\hfil\cr>\cr

\noalign{\vskip1pt}=\cr}}}

{\vcenter{\offinterlineskip\halign{\hfil$\scriptscriptstyle##$\hfil\cr

>\cr

\noalign{\vskip0.9pt}=\cr}}}}}

\def\grole{\mathrel{\mathchoice {\vcenter{\offinterlineskip

\halign{\hfil

$\displaystyle##$\hfil\cr>\cr\noalign{\vskip-1pt}<\cr}}}

{\vcenter{\offinterlineskip\halign{\hfil$\textstyle##$\hfil\cr

>\cr\noalign{\vskip-1pt}<\cr}}}

{\vcenter{\offinterlineskip\halign{\hfil$\scriptstyle##$\hfil\cr

>\cr\noalign{\vskip-0.8pt}<\cr}}}

{\vcenter{\offinterlineskip\halign{\hfil$\scriptscriptstyle##$\hfil\cr

>\cr\noalign{\vskip-0.3pt}<\cr}}}}}

\def\bbbr{{\rm I\!R}} %reelle Zahlen

\def\bbbm{{\rm I\!M}}

\def\bbbn{{\rm I\!N}} %natuerliche Zahlen

\def\bbbf{{\rm I\!F}}

\def\bbbh{{\rm I\!H}}

\def\bbbk{{\rm I\!K}}

\def\bbbp{{\rm I\!P}}

\def\bbbone{{\mathchoice {\rm 1\mskip-4mu l} {\rm 1\mskip-4mu l}

{\rm 1\mskip-4.5mu l} {\rm 1\mskip-5mu l}}}

\def\bbbc{{\mathchoice {\setbox0=\hbox{$\displaystyle\rm C$}\hbox{\hbox

to0pt{\kern0.4\wd0\vrule height0.9\ht0\hss}\box0}}

{\setbox0=\hbox{$\textstyle\rm C$}\hbox{\hbox

to0pt{\kern0.4\wd0\vrule height0.9\ht0\hss}\box0}}

{\setbox0=\hbox{$\scriptstyle\rm C$}\hbox{\hbox

to0pt{\kern0.4\wd0\vrule height0.9\ht0\hss}\box0}}

{\setbox0=\hbox{$\scriptscriptstyle\rm C$}\hbox{\hbox

to0pt{\kern0.4\wd0\vrule height0.9\ht0\hss}\box0}}}}

\def\bbbq{{\mathchoice {\setbox0=\hbox{$\displaystyle\rm

Q$}\hbox{\raise

0.15\ht0\hbox to0pt{\kern0.4\wd0\vrule height0.8\ht0\hss}\box0}}

{\setbox0=\hbox{$\textstyle\rm Q$}\hbox{\raise

0.15\ht0\hbox to0pt{\kern0.4\wd0\vrule height0.8\ht0\hss}\box0}}

{\setbox0=\hbox{$\scriptstyle\rm Q$}\hbox{\raise

0.15\ht0\hbox to0pt{\kern0.4\wd0\vrule height0.7\ht0\hss}\box0}}

{\setbox0=\hbox{$\scriptscriptstyle\rm Q$}\hbox{\raise

0.15\ht0\hbox to0pt{\kern0.4\wd0\vrule height0.7\ht0\hss}\box0}}}}

\def\bbbt{{\mathchoice {\setbox0=\hbox{$\displaystyle\rm

T$}\hbox{\hbox to0pt{\kern0.3\wd0\vrule height0.9\ht0\hss}\box0}}

{\setbox0=\hbox{$\textstyle\rm T$}\hbox{\hbox

to0pt{\kern0.3\wd0\vrule height0.9\ht0\hss}\box0}}

{\setbox0=\hbox{$\scriptstyle\rm T$}\hbox{\hbox

to0pt{\kern0.3\wd0\vrule height0.9\ht0\hss}\box0}}

{\setbox0=\hbox{$\scriptscriptstyle\rm T$}\hbox{\hbox

to0pt{\kern0.3\wd0\vrule height0.9\ht0\hss}\box0}}}}

\def\bbbs{{\mathchoice

{\setbox0=\hbox{$\displaystyle     \rm S$}\hbox{\raise0.5\ht0\hbox

to0pt{\kern0.35\wd0\vrule height0.45\ht0\hss}\hbox

to0pt{\kern0.55\wd0\vrule height0.5\ht0\hss}\box0}}

{\setbox0=\hbox{$\textstyle        \rm S$}\hbox{\raise0.5\ht0\hbox

to0pt{\kern0.35\wd0\vrule height0.45\ht0\hss}\hbox

to0pt{\kern0.55\wd0\vrule height0.5\ht0\hss}\box0}}

{\setbox0=\hbox{$\scriptstyle      \rm S$}\hbox{\raise0.5\ht0\hbox

to0pt{\kern0.35\wd0\vrule height0.45\ht0\hss}\raise0.05\ht0\hbox

to0pt{\kern0.5\wd0\vrule height0.45\ht0\hss}\box0}}

{\setbox0=\hbox{$\scriptscriptstyle\rm S$}\hbox{\raise0.5\ht0\hbox

to0pt{\kern0.4\wd0\vrule height0.45\ht0\hss}\raise0.05\ht0\hbox

to0pt{\kern0.55\wd0\vrule height0.45\ht0\hss}\box0}}}}

\def\bbbz{{\mathchoice {\hbox{$\mathsf\textstyle Z\kern-0.4em Z$}}

{\hbox{$\mathsf\textstyle Z\kern-0.4em Z$}}

{\hbox{$\mathsf\scriptstyle Z\kern-0.3em Z$}}

{\hbox{$\mathsf\scriptscriptstyle Z\kern-0.2em Z$}}}}



\let\ts\,



\setlength\leftmargini  {17\p@}

\setlength\leftmargin    {\leftmargini}

\setlength\leftmarginii  {\leftmargini}

\setlength\leftmarginiii {\leftmargini}

\setlength\leftmarginiv  {\leftmargini}

\setlength  \labelsep  {.5em}

\setlength  \labelwidth{\leftmargini}

\addtolength\labelwidth{-\labelsep}



\def\@listI{\leftmargin\leftmargini

            \parsep 0\p@ \@plus1\p@ \@minus\p@

            \topsep 8\p@ \@plus2\p@ \@minus4\p@

            \itemsep0\p@}

\let\@listi\@listI

\@listi

\def\@listii {\leftmargin\leftmarginii

              \labelwidth\leftmarginii

              \advance\labelwidth-\labelsep

              \topsep    0\p@ \@plus2\p@ \@minus\p@}

\def\@listiii{\leftmargin\leftmarginiii

              \labelwidth\leftmarginiii

              \advance\labelwidth-\labelsep

              \topsep    0\p@ \@plus\p@\@minus\p@

              \parsep    \z@

              \partopsep \p@ \@plus\z@ \@minus\p@}



\renewcommand\labelitemi{\normalfont\bfseries --}

\renewcommand\labelitemii{$\m@th\bullet$}



\setlength\arraycolsep{1.4\p@}

\setlength\tabcolsep{1.4\p@}



\def\tableofcontents{\chapter*{\contentsname\@mkboth{{\contentsname}}%

                                                    {{\contentsname}}}

 \def\authcount##1{\setcounter{auco}{##1}\setcounter{@auth}{1}}

 \def\lastand{\ifnum\value{auco}=2\relax

                 \unskip{} \andname\

              \else

                 \unskip \lastandname\

              \fi}%

 \def\and{\stepcounter{@auth}\relax

          \ifnum\value{@auth}=\value{auco}%

             \lastand

          \else

             \unskip,

          \fi}%

 \@starttoc{toc}\if@restonecol\twocolumn\fi}



\def\l@part#1#2{\addpenalty{\@secpenalty}%

   \addvspace{2em plus\p@}%  % space above part line

   \begingroup

     \parindent \z@

     \rightskip \z@ plus 5em

     \hrule\vskip5pt

     \large               % same size as for a contribution heading

     \bfseries\boldmath   % set line in boldface

     \leavevmode          % TeX command to enter horizontal mode.

     #1\par

     \vskip5pt

     \hrule

     \vskip1pt

     \nobreak             % Never break after part entry

   \endgroup}



\def\@dotsep{2}



\def\hyperhrefextend{\ifx\hyper@anchor\@undefined\else

{chapter.\thechapter}\fi}



\def\addnumcontentsmark#1#2#3{%

\addtocontents{#1}{\protect\contentsline{#2}{\protect\numberline

                     {\thechapter}#3}{\thepage}\hyperhrefextend}}

\def\addcontentsmark#1#2#3{%

\addtocontents{#1}{\protect\contentsline{#2}{#3}{\thepage}\hyperhrefextend}}

\def\addcontentsmarkwop#1#2#3{%

\addtocontents{#1}{\protect\contentsline{#2}{#3}{0}\hyperhrefextend}}



\def\@adcmk[#1]{\ifcase #1 \or

\def\@gtempa{\addnumcontentsmark}%

  \or    \def\@gtempa{\addcontentsmark}%

  \or    \def\@gtempa{\addcontentsmarkwop}%

  \fi\@gtempa{toc}{chapter}}

\def\addtocmark{\@ifnextchar[{\@adcmk}{\@adcmk[3]}}



\def\l@chapter#1#2{\addpenalty{-\@highpenalty}

 \vskip 1.0em plus 1pt \@tempdima 1.5em \begingroup

 \parindent \z@ \rightskip \@tocrmarg

 \advance\rightskip by 0pt plus 2cm

 \parfillskip -\rightskip \pretolerance=10000

 \leavevmode \advance\leftskip\@tempdima \hskip -\leftskip

 {\large\bfseries\boldmath#1}\ifx0#2\hfil\null

 \else

      \nobreak

      \leaders\hbox{$\m@th \mkern \@dotsep mu.\mkern

      \@dotsep mu$}\hfill

      \nobreak\hbox to\@pnumwidth{\hss #2}%

 \fi\par

 \penalty\@highpenalty \endgroup}



\def\l@title#1#2{\addpenalty{-\@highpenalty}

 \addvspace{8pt plus 1pt}

 \@tempdima \z@

 \begingroup

 \parindent \z@ \rightskip \@tocrmarg

 \advance\rightskip by 0pt plus 2cm

 \parfillskip -\rightskip \pretolerance=10000

 \leavevmode \advance\leftskip\@tempdima \hskip -\leftskip

 #1\nobreak

 \leaders\hbox{$\m@th \mkern \@dotsep mu.\mkern

 \@dotsep mu$}\hfill

 \nobreak\hbox to\@pnumwidth{\hss #2}\par

 \penalty\@highpenalty \endgroup}



\def\l@author#1#2{\addpenalty{\@highpenalty}

 \@tempdima=15\p@ %\z@

 \begingroup

 \parindent \z@ \rightskip \@tocrmarg

 \advance\rightskip by 0pt plus 2cm

 \pretolerance=10000

 \leavevmode \advance\leftskip\@tempdima %\hskip -\leftskip

 \textit{#1}\par

 \penalty\@highpenalty \endgroup}



\setcounter{tocdepth}{0}

\newdimen\tocchpnum

\newdimen\tocsecnum

\newdimen\tocsectotal

\newdimen\tocsubsecnum

\newdimen\tocsubsectotal

\newdimen\tocsubsubsecnum

\newdimen\tocsubsubsectotal

\newdimen\tocparanum

\newdimen\tocparatotal

\newdimen\tocsubparanum

\tocchpnum=\z@            % no chapter numbers

\tocsecnum=15\p@          % section 88. plus 2.222pt

\tocsubsecnum=23\p@       % subsection 88.8 plus 2.222pt

\tocsubsubsecnum=27\p@    % subsubsection 88.8.8 plus 1.444pt

\tocparanum=35\p@         % paragraph 88.8.8.8 plus 1.666pt

\tocsubparanum=43\p@      % subparagraph 88.8.8.8.8 plus 1.888pt

\def\calctocindent{%

\tocsectotal=\tocchpnum

\advance\tocsectotal by\tocsecnum

\tocsubsectotal=\tocsectotal

\advance\tocsubsectotal by\tocsubsecnum

\tocsubsubsectotal=\tocsubsectotal

\advance\tocsubsubsectotal by\tocsubsubsecnum

\tocparatotal=\tocsubsubsectotal

\advance\tocparatotal by\tocparanum}

\calctocindent



\def\l@section{\@dottedtocline{1}{\tocchpnum}{\tocsecnum}}

\def\l@subsection{\@dottedtocline{2}{\tocsectotal}{\tocsubsecnum}}

\def\l@subsubsection{\@dottedtocline{3}{\tocsubsectotal}{\tocsubsubsecnum}}

\def\l@paragraph{\@dottedtocline{4}{\tocsubsubsectotal}{\tocparanum}}

\def\l@subparagraph{\@dottedtocline{5}{\tocparatotal}{\tocsubparanum}}



\def\listoffigures{\@restonecolfalse\if@twocolumn\@restonecoltrue\onecolumn

 \fi\section*{\listfigurename\@mkboth{{\listfigurename}}{{\listfigurename}}}

 \@starttoc{lof}\if@restonecol\twocolumn\fi}

\def\l@figure{\@dottedtocline{1}{0em}{1.5em}}



\def\listoftables{\@restonecolfalse\if@twocolumn\@restonecoltrue\onecolumn

 \fi\section*{\listtablename\@mkboth{{\listtablename}}{{\listtablename}}}

 \@starttoc{lot}\if@restonecol\twocolumn\fi}

\let\l@table\l@figure



\renewcommand\listoffigures{%

    \section*{\listfigurename

      \@mkboth{\listfigurename}{\listfigurename}}%

    \@starttoc{lof}%

    }



\renewcommand\listoftables{%

    \section*{\listtablename

      \@mkboth{\listtablename}{\listtablename}}%

    \@starttoc{lot}%

    }



\ifx\oribibl\undefined

\ifx\citeauthoryear\undefined

\renewenvironment{thebibliography}[1]

     {\section*{\refname}

      \def\@biblabel##1{##1.}

      \small

      \list{\@biblabel{\@arabic\c@enumiv}}%

           {\settowidth\labelwidth{\@biblabel{#1}}%

            \leftmargin\labelwidth

            \advance\leftmargin\labelsep

            \if@openbib

              \advance\leftmargin\bibindent

              \itemindent -\bibindent

              \listparindent \itemindent

              \parsep \z@

            \fi

            \usecounter{enumiv}%

            \let\p@enumiv\@empty

            \renewcommand\theenumiv{\@arabic\c@enumiv}}%

      \if@openbib

        \renewcommand\newblock{\par}%

      \else

        \renewcommand\newblock{\hskip .11em \@plus.33em \@minus.07em}%

      \fi

      \sloppy\clubpenalty4000\widowpenalty4000%

      \sfcode`\.=\@m}

     {\def\@noitemerr

       {\@latex@warning{Empty `thebibliography' environment}}%

      \endlist}

\def\@lbibitem[#1]#2{\item[{[#1]}\hfill]\if@filesw

     {\let\protect\noexpand\immediate

     \write\@auxout{\string\bibcite{#2}{#1}}}\fi\ignorespaces}

\newcount\@tempcntc

\def\@citex[#1]#2{\if@filesw\immediate\write\@auxout{\string\citation{#2}}\fi

  \@tempcnta\z@\@tempcntb\m@ne\def\@citea{}\@cite{\@for\@citeb:=#2\do

    {\@ifundefined

       {b@\@citeb}{\@citeo\@tempcntb\m@ne\@citea\def\@citea{,}{\bfseries

        ?}\@warning

       {Citation `\@citeb' on page \thepage \space undefined}}%

    {\setbox\z@\hbox{\global\@tempcntc0\csname b@\@citeb\endcsname\relax}%

     \ifnum\@tempcntc=\z@ \@citeo\@tempcntb\m@ne

       \@citea\def\@citea{,}\hbox{\csname b@\@citeb\endcsname}%

     \else

      \advance\@tempcntb\@ne

      \ifnum\@tempcntb=\@tempcntc

      \else\advance\@tempcntb\m@ne\@citeo

      \@tempcnta\@tempcntc\@tempcntb\@tempcntc\fi\fi}}\@citeo}{#1}}

\def\@citeo{\ifnum\@tempcnta>\@tempcntb\else

               \@citea\def\@citea{,\,\hskip\z@skip}%

               \ifnum\@tempcnta=\@tempcntb\the\@tempcnta\else

               {\advance\@tempcnta\@ne\ifnum\@tempcnta=\@tempcntb \else

                \def\@citea{--}\fi

      \advance\@tempcnta\m@ne\the\@tempcnta\@citea\the\@tempcntb}\fi\fi}

\else

\renewenvironment{thebibliography}[1]

     {\section*{\refname}

      \small

      \list{}%

           {\settowidth\labelwidth{}%

            \leftmargin\parindent

            \itemindent=-\parindent

            \labelsep=\z@

            \if@openbib

              \advance\leftmargin\bibindent

              \itemindent -\bibindent

              \listparindent \itemindent

              \parsep \z@

            \fi

            \usecounter{enumiv}%

            \let\p@enumiv\@empty

            \renewcommand\theenumiv{}}%

      \if@openbib

        \renewcommand\newblock{\par}%

      \else

        \renewcommand\newblock{\hskip .11em \@plus.33em \@minus.07em}%

      \fi

      \sloppy\clubpenalty4000\widowpenalty4000%

      \sfcode`\.=\@m}

     {\def\@noitemerr

       {\@latex@warning{Empty `thebibliography' environment}}%

      \endlist}

      \def\@cite#1{#1}%

      \def\@lbibitem[#1]#2{\item[]\if@filesw

        {\def\protect##1{\string ##1\space}\immediate

      \write\@auxout{\string\bibcite{#2}{#1}}}\fi\ignorespaces}

   \fi

\else

\@cons\@openbib@code{\noexpand\small}

\fi



\def\idxquad{\hskip 10\p@}% space that divides entry from number



\def\@idxitem{\par\hangindent 10\p@}



\def\subitem{\par\setbox0=\hbox{--\enspace}% second order

                \noindent\hangindent\wd0\box0}% index entry



\def\subsubitem{\par\setbox0=\hbox{--\,--\enspace}% third

                \noindent\hangindent\wd0\box0}% order index entry



\def\indexspace{\par \vskip 10\p@ plus5\p@ minus3\p@\relax}



\renewenvironment{theindex}

               {\@mkboth{\indexname}{\indexname}%

                \thispagestyle{empty}\parindent\z@

                \parskip\z@ \@plus .3\p@\relax

                \let\item\par

                \def\,{\relax\ifmmode\mskip\thinmuskip

                             \else\hskip0.2em\ignorespaces\fi}%

                \normalfont\small

                \begin{multicols}{2}[\@makeschapterhead{\indexname}]%

                }

                {\end{multicols}}



\renewcommand\footnoterule{%

  \kern-3\p@

  \hrule\@width 2truecm

  \kern2.6\p@}

  \newdimen\fnindent

  \fnindent1em

\long\def\@makefntext#1{%

    \parindent \fnindent%

    \leftskip \fnindent%

    \noindent

    \llap{\hb@xt@1em{\hss\@makefnmark\ }}\ignorespaces#1}



\long\def\@makecaption#1#2{%

  \vskip\abovecaptionskip

  \sbox\@tempboxa{{\bfseries #1.} #2}%

  \ifdim \wd\@tempboxa >\hsize

    {\bfseries #1.} #2\par

  \else

    \global \@minipagefalse

    \hb@xt@\hsize{\hfil\box\@tempboxa\hfil}%

  \fi

  \vskip\belowcaptionskip}



\def\fps@figure{htbp}

\def\fnum@figure{\figurename\thinspace\thefigure}

\def \@floatboxreset {%

        \reset@font

        \small

        \@setnobreak

        \@setminipage

}

\def\fps@table{htbp}

\def\fnum@table{\tablename~\thetable}

\renewenvironment{table}

               {\setlength\abovecaptionskip{0\p@}%

                \setlength\belowcaptionskip{10\p@}%

                \@float{table}}

               {\end@float}

\renewenvironment{table*}

               {\setlength\abovecaptionskip{0\p@}%

                \setlength\belowcaptionskip{10\p@}%

                \@dblfloat{table}}

               {\end@dblfloat}



\long\def\@caption#1[#2]#3{\par\addcontentsline{\csname

  ext@#1\endcsname}{#1}{\protect\numberline{\csname

  the#1\endcsname}{\ignorespaces #2}}\begingroup

    \@parboxrestore

    \@makecaption{\csname fnum@#1\endcsname}{\ignorespaces #3}\par

  \endgroup}



% LaTeX does not provide a command to enter the authors institute

% addresses. The \institute command is defined here.



\newcounter{@inst}

\newcounter{@auth}

\newcounter{auco}

\newdimen\instindent

\newbox\authrun

\newtoks\authorrunning

\newtoks\tocauthor

\newbox\titrun

\newtoks\titlerunning

\newtoks\toctitle



\def\clearheadinfo{\gdef\@author{No Author Given}%

                   \gdef\@title{No Title Given}%

                   \gdef\@subtitle{}%

                   \gdef\@institute{No Institute Given}%

                   \gdef\@thanks{}%

                   \global\titlerunning={}\global\authorrunning={}%

                   \global\toctitle={}\global\tocauthor={}}



\def\institute#1{\gdef\@institute{#1}}



\def\institutename{\par

 \begingroup

 \parskip=\z@

 \parindent=\z@

 \setcounter{@inst}{1}%

 \def\and{\par\stepcounter{@inst}%

 \noindent$^{\the@inst}$\enspace\ignorespaces}%

 \setbox0=\vbox{\def\thanks##1{}\@institute}%

 \ifnum\c@@inst=1\relax

   \gdef\fnnstart{0}%

 \else

   \xdef\fnnstart{\c@@inst}%

   \setcounter{@inst}{1}%

   \noindent$^{\the@inst}$\enspace

 \fi

 \ignorespaces

 \@institute\par

 \endgroup}



\def\@fnsymbol#1{\ensuremath{\ifcase#1\or\star\or{\star\star}\or

   {\star\star\star}\or \dagger\or \ddagger\or

   \mathchar "278\or \mathchar "27B\or \|\or **\or \dagger\dagger

   \or \ddagger\ddagger \else\@ctrerr\fi}}



\def\inst#1{\unskip$^{#1}$}

\def\fnmsep{\unskip$^,$}

\def\email#1{{\tt#1}}

\AtBeginDocument{\@ifundefined{url}{\def\url#1{#1}}{}%

\@ifpackageloaded{babel}{%

\@ifundefined{extrasenglish}{}{\addto\extrasenglish{\switcht@albion}}%

\@ifundefined{extrasfrenchb}{}{\addto\extrasfrenchb{\switcht@francais}}%

\@ifundefined{extrasgerman}{}{\addto\extrasgerman{\switcht@deutsch}}%

}{\switcht@@therlang}%

}

\def\homedir{\~{ }}



\def\subtitle#1{\gdef\@subtitle{#1}}

\clearheadinfo

%

\renewcommand\maketitle{\newpage

  \refstepcounter{chapter}%

  \stepcounter{section}%

  \setcounter{section}{0}%

  \setcounter{subsection}{0}%

  \setcounter{figure}{0}

  \setcounter{table}{0}

  \setcounter{equation}{0}

  \setcounter{footnote}{0}%

  \begingroup

    \parindent=\z@

    \renewcommand\thefootnote{\@fnsymbol\c@footnote}%

    \if@twocolumn

      \ifnum \col@number=\@ne

        \@maketitle

      \else

        \twocolumn[\@maketitle]%

      \fi

    \else

      \newpage

      \global\@topnum\z@   % Prevents figures from going at top of page.

      \@maketitle

    \fi

    \thispagestyle{empty}\@thanks

%

    \def\\{\unskip\ \ignorespaces}\def\inst##1{\unskip{}}%

    \def\thanks##1{\unskip{}}\def\fnmsep{\unskip}%

    \instindent=\hsize

    \advance\instindent by-\headlineindent

    \if!\the\toctitle!\addcontentsline{toc}{title}{\@title}\else

       \addcontentsline{toc}{title}{\the\toctitle}\fi

    \if@runhead

       \if!\the\titlerunning!\else

         \edef\@title{\the\titlerunning}%

       \fi

       \global\setbox\titrun=\hbox{\small\rm\unboldmath\ignorespaces\@title}%

       \ifdim\wd\titrun>\instindent

          \typeout{Title too long for running head. Please supply}%

          \typeout{a shorter form with \string\titlerunning\space prior to

                   \string\maketitle}%

          \global\setbox\titrun=\hbox{\small\rm

          Title Suppressed Due to Excessive Length}%

       \fi

       \xdef\@title{\copy\titrun}%

    \fi

%

    \if!\the\tocauthor!\relax

      {\def\and{\noexpand\protect\noexpand\and}%

      \protected@xdef\toc@uthor{\@author}}%

    \else

      \def\\{\noexpand\protect\noexpand\newline}%

      \protected@xdef\scratch{\the\tocauthor}%

      \protected@xdef\toc@uthor{\scratch}%

    \fi

    \addtocontents{toc}{\noexpand\protect\noexpand\authcount{\the\c@auco}}%

    \addcontentsline{toc}{author}{\toc@uthor}%

    \if@runhead

       \if!\the\authorrunning!

         \value{@inst}=\value{@auth}%

         \setcounter{@auth}{1}%

       \else

         \edef\@author{\the\authorrunning}%

       \fi

       \global\setbox\authrun=\hbox{\small\unboldmath\@author\unskip}%

       \ifdim\wd\authrun>\instindent

          \typeout{Names of authors too long for running head. Please supply}%

          \typeout{a shorter form with \string\authorrunning\space prior to

                   \string\maketitle}%

          \global\setbox\authrun=\hbox{\small\rm

          Authors Suppressed Due to Excessive Length}%

       \fi

       \xdef\@author{\copy\authrun}%

       \markboth{\@author}{\@title}%

     \fi

  \endgroup

  \setcounter{footnote}{\fnnstart}%

  \clearheadinfo}

%

\def\@maketitle{\newpage

 \markboth{}{}%

 \def\lastand{\ifnum\value{@inst}=2\relax

                 \unskip{} \andname\

              \else

                 \unskip \lastandname\

              \fi}%

 \def\and{\stepcounter{@auth}\relax

          \ifnum\value{@auth}=\value{@inst}%

             \lastand

          \else

             \unskip,

          \fi}%

 \begin{center}%

 \let\newline\\

 {\Large \bfseries\boldmath

  \pretolerance=10000

  \@title \par}\vskip .8cm

\if!\@subtitle!\else {\large \bfseries\boldmath

  \vskip -.65cm

  \pretolerance=10000

  \@subtitle \par}\vskip .8cm\fi

 \setbox0=\vbox{\setcounter{@auth}{1}\def\and{\stepcounter{@auth}}%

 \def\thanks##1{}\@author}%

 \global\value{@inst}=\value{@auth}%

 \global\value{auco}=\value{@auth}%

 \setcounter{@auth}{1}%

{\lineskip .5em

\noindent\ignorespaces

\@author\vskip.35cm}

 {\small\institutename}

 \end{center}%

 }



% definition of the "\spnewtheorem" command.

%

% Usage:

%

%     \spnewtheorem{env_nam}{caption}[within]{cap_font}{body_font}

% or  \spnewtheorem{env_nam}[numbered_like]{caption}{cap_font}{body_font}

% or  \spnewtheorem*{env_nam}{caption}{cap_font}{body_font}

%

% New is "cap_font" and "body_font". It stands for

% fontdefinition of the caption and the text itself.

%

% "\spnewtheorem*" gives a theorem without number.

%

% A defined spnewthoerem environment is used as described

% by Lamport.

%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%



\def\@thmcountersep{}

\def\@thmcounterend{.}



\def\spnewtheorem{\@ifstar{\@sthm}{\@Sthm}}



% definition of \spnewtheorem with number



\def\@spnthm#1#2{%

  \@ifnextchar[{\@spxnthm{#1}{#2}}{\@spynthm{#1}{#2}}}

\def\@Sthm#1{\@ifnextchar[{\@spothm{#1}}{\@spnthm{#1}}}



\def\@spxnthm#1#2[#3]#4#5{\expandafter\@ifdefinable\csname #1\endcsname

   {\@definecounter{#1}\@addtoreset{#1}{#3}%

   \expandafter\xdef\csname the#1\endcsname{\expandafter\noexpand

     \csname the#3\endcsname \noexpand\@thmcountersep \@thmcounter{#1}}%

   \expandafter\xdef\csname #1name\endcsname{#2}%

   \global\@namedef{#1}{\@spthm{#1}{\csname #1name\endcsname}{#4}{#5}}%

                              \global\@namedef{end#1}{\@endtheorem}}}



\def\@spynthm#1#2#3#4{\expandafter\@ifdefinable\csname #1\endcsname

   {\@definecounter{#1}%

   \expandafter\xdef\csname the#1\endcsname{\@thmcounter{#1}}%

   \expandafter\xdef\csname #1name\endcsname{#2}%

   \global\@namedef{#1}{\@spthm{#1}{\csname #1name\endcsname}{#3}{#4}}%

                               \global\@namedef{end#1}{\@endtheorem}}}



\def\@spothm#1[#2]#3#4#5{%

  \@ifundefined{c@#2}{\@latexerr{No theorem environment `#2' defined}\@eha}%

  {\expandafter\@ifdefinable\csname #1\endcsname

  {\global\@namedef{the#1}{\@nameuse{the#2}}%

  \expandafter\xdef\csname #1name\endcsname{#3}%

  \global\@namedef{#1}{\@spthm{#2}{\csname #1name\endcsname}{#4}{#5}}%

  \global\@namedef{end#1}{\@endtheorem}}}}



\def\@spthm#1#2#3#4{\topsep 7\p@ \@plus2\p@ \@minus4\p@

\refstepcounter{#1}%

\@ifnextchar[{\@spythm{#1}{#2}{#3}{#4}}{\@spxthm{#1}{#2}{#3}{#4}}}



\def\@spxthm#1#2#3#4{\@spbegintheorem{#2}{\csname the#1\endcsname}{#3}{#4}%

                    \ignorespaces}



\def\@spythm#1#2#3#4[#5]{\@spopargbegintheorem{#2}{\csname

       the#1\endcsname}{#5}{#3}{#4}\ignorespaces}



\def\@spbegintheorem#1#2#3#4{\trivlist

                 \item[\hskip\labelsep{#3#1\ #2\@thmcounterend}]#4}



\def\@spopargbegintheorem#1#2#3#4#5{\trivlist

      \item[\hskip\labelsep{#4#1\ #2}]{#4(#3)\@thmcounterend\ }#5}



% definition of \spnewtheorem* without number



\def\@sthm#1#2{\@Ynthm{#1}{#2}}



\def\@Ynthm#1#2#3#4{\expandafter\@ifdefinable\csname #1\endcsname

   {\global\@namedef{#1}{\@Thm{\csname #1name\endcsname}{#3}{#4}}%

    \expandafter\xdef\csname #1name\endcsname{#2}%

    \global\@namedef{end#1}{\@endtheorem}}}



\def\@Thm#1#2#3{\topsep 7\p@ \@plus2\p@ \@minus4\p@

\@ifnextchar[{\@Ythm{#1}{#2}{#3}}{\@Xthm{#1}{#2}{#3}}}



\def\@Xthm#1#2#3{\@Begintheorem{#1}{#2}{#3}\ignorespaces}



\def\@Ythm#1#2#3[#4]{\@Opargbegintheorem{#1}

       {#4}{#2}{#3}\ignorespaces}



\def\@Begintheorem#1#2#3{#3\trivlist

                           \item[\hskip\labelsep{#2#1\@thmcounterend}]}



\def\@Opargbegintheorem#1#2#3#4{#4\trivlist

      \item[\hskip\labelsep{#3#1}]{#3(#2)\@thmcounterend\ }}



\if@envcntsect

   \def\@thmcountersep{.}

   \spnewtheorem{theorem}{Theorem}[section]{\bfseries}{\itshape}

\else

   \spnewtheorem{theorem}{Theorem}{\bfseries}{\itshape}

   \if@envcntreset

      \@addtoreset{theorem}{section}

   \else

      \@addtoreset{theorem}{chapter}

   \fi

\fi



%definition of divers theorem environments

\spnewtheorem*{claim}{Claim}{\itshape}{\rmfamily}

\spnewtheorem*{proof}{Proof}{\itshape}{\rmfamily}

\if@envcntsame % alle Umgebungen wie Theorem.

   \def\spn@wtheorem#1#2#3#4{\@spothm{#1}[theorem]{#2}{#3}{#4}}

\else % alle Umgebungen mit eigenem Zaehler

   \if@envcntsect % mit section numeriert

      \def\spn@wtheorem#1#2#3#4{\@spxnthm{#1}{#2}[section]{#3}{#4}}

   \else % nicht mit section numeriert

      \if@envcntreset

         \def\spn@wtheorem#1#2#3#4{\@spynthm{#1}{#2}{#3}{#4}

                                   \@addtoreset{#1}{section}}

      \else

         \def\spn@wtheorem#1#2#3#4{\@spynthm{#1}{#2}{#3}{#4}

                                   \@addtoreset{#1}{chapter}}%

      \fi

   \fi

\fi

\spn@wtheorem{case}{Case}{\itshape}{\rmfamily}

\spn@wtheorem{conjecture}{Conjecture}{\itshape}{\rmfamily}

\spn@wtheorem{corollary}{Corollary}{\bfseries}{\itshape}

\spn@wtheorem{definition}{Definition}{\bfseries}{\itshape}

\spn@wtheorem{example}{Example}{\itshape}{\rmfamily}

\spn@wtheorem{exercise}{Exercise}{\itshape}{\rmfamily}

\spn@wtheorem{lemma}{Lemma}{\bfseries}{\itshape}

\spn@wtheorem{note}{Note}{\itshape}{\rmfamily}

\spn@wtheorem{problem}{Problem}{\itshape}{\rmfamily}

\spn@wtheorem{property}{Property}{\itshape}{\rmfamily}

\spn@wtheorem{proposition}{Proposition}{\bfseries}{\itshape}

\spn@wtheorem{question}{Question}{\itshape}{\rmfamily}

\spn@wtheorem{solution}{Solution}{\itshape}{\rmfamily}

\spn@wtheorem{remark}{Remark}{\itshape}{\rmfamily}



\def\@takefromreset#1#2{%

    \def\@tempa{#1}%

    \let\@tempd\@elt

    \def\@elt##1{%

        \def\@tempb{##1}%

        \ifx\@tempa\@tempb\else

            \@addtoreset{##1}{#2}%

        \fi}%

    \expandafter\expandafter\let\expandafter\@tempc\csname cl@#2\endcsname

    \expandafter\def\csname cl@#2\endcsname{}%

    \@tempc

    \let\@elt\@tempd}



\def\theopargself{\def\@spopargbegintheorem##1##2##3##4##5{\trivlist

      \item[\hskip\labelsep{##4##1\ ##2}]{##4##3\@thmcounterend\ }##5}

                  \def\@Opargbegintheorem##1##2##3##4{##4\trivlist

      \item[\hskip\labelsep{##3##1}]{##3##2\@thmcounterend\ }}

      }



\renewenvironment{abstract}{%

      \list{}{\advance\topsep by0.35cm\relax\small

      \leftmargin=1cm

      \labelwidth=\z@

      \listparindent=\z@

      \itemindent\listparindent

      \rightmargin\leftmargin}\item[\hskip\labelsep

                                    \bfseries\abstractname]}

    {\endlist}



\newdimen\headlineindent             % dimension for space between

\headlineindent=1.166cm              % number and text of headings.



\def\ps@headings{\let\@mkboth\@gobbletwo

   \let\@oddfoot\@empty\let\@evenfoot\@empty

   \def\@evenhead{\normalfont\small\rlap{\thepage}\hspace{\headlineindent}%

                  \leftmark\hfil}

   \def\@oddhead{\normalfont\small\hfil\rightmark\hspace{\headlineindent}%

                 \llap{\thepage}}

   \def\chaptermark##1{}%

   \def\sectionmark##1{}%

   \def\subsectionmark##1{}}



\def\ps@titlepage{\let\@mkboth\@gobbletwo

   \let\@oddfoot\@empty\let\@evenfoot\@empty

   \def\@evenhead{\normalfont\small\rlap{\thepage}\hspace{\headlineindent}%

                  \hfil}

   \def\@oddhead{\normalfont\small\hfil\hspace{\headlineindent}%

                 \llap{\thepage}}

   \def\chaptermark##1{}%

   \def\sectionmark##1{}%

   \def\subsectionmark##1{}}



\if@runhead\ps@headings\else

\ps@empty\fi



\setlength\arraycolsep{1.4\p@}

\setlength\tabcolsep{1.4\p@}



\endinput

%end of file llncs.cls




% BibTeX bibliography style `splncs'



% An attempt to match the bibliography style required for use with

% numbered references in Springer Verlag's "Lecture Notes in Computer

% Science" series.  (See Springer's documentation for llncs.sty for

% more details of the suggested reference format.)  Note that this

% file will not work for author-year style citations.



% Use \documentclass{llncs} and \bibliographystyle{splncs}, and cite

% a reference with (e.g.) \cite{smith77} to get a "[1]" in the text.



% Copyright (C) 1999 Jason Noble.

% Last updated: Thursday 20 May 1999, 13:22:19

%

% Based on the BibTeX standard bibliography style `unsrt'



ENTRY

  { address

    author

    booktitle

    chapter

    edition

    editor

    howpublished

    institution

    journal

    key

    month

    note

    number

    organization

    pages

    publisher

    school

    series

    title

    type

    volume

    year

  }

  {}

  { label }



INTEGERS { output.state before.all mid.sentence after.sentence

           after.block after.authors between.elements}



FUNCTION {init.state.consts}

{ #0 'before.all :=

  #1 'mid.sentence :=

  #2 'after.sentence :=

  #3 'after.block :=

  #4 'after.authors :=

  #5 'between.elements :=

}



STRINGS { s t }



FUNCTION {output.nonnull}

{ 's :=

  output.state mid.sentence =

    { " " * write$ }

    { output.state after.block =

        { add.period$ write$

          newline$

          "\newblock " write$

        }

        {

          output.state after.authors =

          { ": " * write$

            newline$

            "\newblock " write$

          }

          { output.state between.elements =

              { ", " * write$ }

              { output.state before.all =

                   'write$

                  { add.period$ " " * write$ }

                  if$

              }

              if$

          }

          if$

        }

      if$

      mid.sentence 'output.state :=

    }

  if$

  s

}



FUNCTION {output}

{ duplicate$ empty$

    'pop$

    'output.nonnull

  if$

}



FUNCTION {output.check}

{ 't :=

  duplicate$ empty$

    { pop$ "empty " t * " in " * cite$ * warning$ }

    'output.nonnull

  if$

}



FUNCTION {output.bibitem}

{ newline$

  "\bibitem{" write$

  cite$ write$

  "}" write$

  newline$

  ""

  before.all 'output.state :=

}



FUNCTION {fin.entry}

{ write$

  newline$

}



FUNCTION {new.block}

{ output.state before.all =

    'skip$

    { after.block 'output.state := }

  if$

}



FUNCTION {stupid.colon}

{ after.authors 'output.state := }



FUNCTION {insert.comma}

{ output.state before.all =

    'skip$

    { between.elements 'output.state := }

  if$

}



FUNCTION {new.sentence}

{ output.state after.block =

    'skip$

    { output.state before.all =

        'skip$

        { after.sentence 'output.state := }

      if$

    }

  if$

}



FUNCTION {not}

{   { #0 }

    { #1 }

  if$

}



FUNCTION {and}

{   'skip$

    { pop$ #0 }

  if$

}



FUNCTION {or}

{   { pop$ #1 }

    'skip$

  if$

}



FUNCTION {new.block.checka}

{ empty$

    'skip$

    'new.block

  if$

}



FUNCTION {new.block.checkb}

{ empty$

  swap$ empty$

  and

    'skip$

    'new.block

  if$

}



FUNCTION {new.sentence.checka}

{ empty$

    'skip$

    'new.sentence

  if$

}



FUNCTION {new.sentence.checkb}

{ empty$

  swap$ empty$

  and

    'skip$

    'new.sentence

  if$

}



FUNCTION {field.or.null}

{ duplicate$ empty$

    { pop$ "" }

    'skip$

  if$

}



FUNCTION {emphasize}

{ duplicate$ empty$

    { pop$ "" }

    { "" swap$ * "" * }

  if$

}



FUNCTION {bold}

{ duplicate$ empty$

    { pop$ "" }

    { "\textbf{" swap$ * "}" * }

  if$

}



FUNCTION {parens}

{ duplicate$ empty$

    { pop$ "" }

    { "(" swap$ * ")" * }

  if$

}



INTEGERS { nameptr namesleft numnames }



FUNCTION {format.springer.names}

{ 's :=

  #1 'nameptr :=

  s num.names$ 'numnames :=

  numnames 'namesleft :=

    { namesleft #0 > }

    { s nameptr "{vv~}{ll}{, jj}{, f{.}.}" format.name$ 't :=

      nameptr #1 >

        { namesleft #1 >

            { ", " * t * }

            { numnames #1 >

                { ", " * }

                'skip$

              if$

              t "others" =

                { " et~al." * }

                { "" * t * }

              if$

            }

          if$

        }

        't

      if$

      nameptr #1 + 'nameptr :=

      namesleft #1 - 'namesleft :=

    }

  while$

}



FUNCTION {format.names}

{ 's :=

  #1 'nameptr :=

  s num.names$ 'numnames :=

  numnames 'namesleft :=

    { namesleft #0 > }

    { s nameptr "{vv~}{ll}{, jj}{, f.}" format.name$ 't :=

      nameptr #1 >

        { namesleft #1 >

            { ", " * t * }

            { numnames #2 >

                { "," * }

                'skip$

              if$

              t "others" =

                { " et~al." * }

                { " \& " * t * }

              if$

            }

          if$

        }

        't

      if$

      nameptr #1 + 'nameptr :=

      namesleft #1 - 'namesleft :=

    }

  while$

}



FUNCTION {format.authors}

{ author empty$

    { "" }

    { author format.springer.names }

  if$

}



FUNCTION {format.editors}

{ editor empty$

    { "" }

    { editor format.springer.names

      editor num.names$ #1 >

        { ", eds." * }

        { ", ed." * }

      if$

    }

  if$

}



FUNCTION {format.title}

{ title empty$

    { "" }

    { title "t" change.case$ }

  if$

}



FUNCTION {n.dashify}

{ 't :=

  ""

    { t empty$ not }

    { t #1 #1 substring$ "-" =

        { t #1 #2 substring$ "--" = not

            { "--" *

              t #2 global.max$ substring$ 't :=

            }

            {   { t #1 #1 substring$ "-" = }

                { "-" *

                  t #2 global.max$ substring$ 't :=

                }

              while$

            }

          if$

        }

        { t #1 #1 substring$ *

          t #2 global.max$ substring$ 't :=

        }

      if$

    }

  while$

}



FUNCTION {format.date}

{ year empty$

   { "there's no year in " cite$ * warning$ }

    'year

  if$

}



FUNCTION {format.btitle}

{ title emphasize

}



FUNCTION {tie.or.space.connect}

{ duplicate$ text.length$ #3 <

    { "~" }

    { " " }

  if$

  swap$ * *

}



FUNCTION {either.or.check}

{ empty$

    'pop$

    { "can't use both " swap$ * " fields in " * cite$ * warning$ }

  if$

}



FUNCTION {format.bvolume}

{ volume empty$

    { "" }

    { "Volume" volume tie.or.space.connect

      series empty$

        'skip$

        { " of " * series emphasize * }

      if$

      add.period$

      "volume and number" number either.or.check

    }

  if$

}



FUNCTION {format.number.series}

{ volume empty$

    { number empty$

        { series field.or.null }

        { output.state mid.sentence =

            { "number" }

            { "Number" }

          if$

          number tie.or.space.connect

          series empty$

            { "there's a number but no series in " cite$ * warning$ }

            { " in " * series * }

          if$

        }

      if$

    }

    { "" }

  if$

}



FUNCTION {format.edition}

{ edition empty$

    { "" }

    { output.state mid.sentence =

        { edition "l" change.case$ " edn." * }

        { edition "t" change.case$ " edn." * }

      if$

    }

  if$

}



INTEGERS { multiresult }



FUNCTION {multi.page.check}

{ 't :=

  #0 'multiresult :=

    { multiresult not

      t empty$ not

      and

    }

    { t #1 #1 substring$

      duplicate$ "-" =

      swap$ duplicate$ "," =

      swap$ "+" =

      or or

        { #1 'multiresult := }

        { t #2 global.max$ substring$ 't := }

      if$

    }

  while$

  multiresult

}



FUNCTION {format.pages}

{ pages empty$

    { "" }

    { pages multi.page.check

        { "" pages n.dashify tie.or.space.connect }

        { "" pages tie.or.space.connect }

      if$

    }

  if$

}



FUNCTION {format.vol}

{ volume bold

}



FUNCTION {pre.format.pages}

{ pages empty$

    'skip$

    { duplicate$ empty$

        { pop$ format.pages }

        { " " * pages n.dashify * }

      if$

    }

  if$

}



FUNCTION {format.chapter.pages}

{ chapter empty$

    'format.pages

    { type empty$

        { "chapter" }

        { type "l" change.case$ }

      if$

      chapter tie.or.space.connect

      pages empty$

        'skip$

        { " " * format.pages * }

      if$

    }

  if$

}



FUNCTION {format.in.ed.booktitle}

{ booktitle empty$

    { "" }

    { editor empty$

        { "In: " booktitle emphasize * }

        { "In " format.editors * ": " * booktitle emphasize * }

      if$

    }

  if$

}



FUNCTION {empty.misc.check}

{ author empty$ title empty$ howpublished empty$

  month empty$ year empty$ note empty$

  and and and and and

    { "all relevant fields are empty in " cite$ * warning$ }

    'skip$

  if$

}



FUNCTION {format.thesis.type}

{ type empty$

    'skip$

    { pop$

      type "t" change.case$

    }

  if$

}



FUNCTION {format.tr.number}

{ type empty$

    { "Technical Report" }

    'type

  if$

  number empty$

    { "t" change.case$ }

    { number tie.or.space.connect }

  if$

}



FUNCTION {format.article.crossref}

{ key empty$

    { journal empty$

        { "need key or journal for " cite$ * " to crossref " * crossref *

          warning$

          ""

        }

        { "In {\em " journal * "\/}" * }

      if$

    }

    { "In " key * }

  if$

  " \cite{" * crossref * "}" *

}



FUNCTION {format.crossref.editor}

{ editor #1 "{vv~}{ll}" format.name$

  editor num.names$ duplicate$

  #2 >

    { pop$ " et~al." * }

    { #2 <

        'skip$

        { editor #2 "{ff }{vv }{ll}{ jj}" format.name$ "others" =

            { " et~al." * }

            { " and " * editor #2 "{vv~}{ll}" format.name$ * }

          if$

        }

      if$

    }

  if$

}



FUNCTION {format.book.crossref}

{ volume empty$

    { "empty volume in " cite$ * "'s crossref of " * crossref * warning$

      "In "

    }

    { "Volume" volume tie.or.space.connect

      " of " *

    }

  if$

  " \cite{" * crossref * "}" *

}



FUNCTION {format.incoll.inproc.crossref}

{ editor empty$

  editor field.or.null author field.or.null =

  or

    { key empty$

        { booktitle empty$

            { "need editor, key, or booktitle for " cite$ * " to crossref " *

              crossref * warning$

              ""

            }

            { "" }

          if$

        }

        { "" }

      if$

    }

    { "" }

  if$

  " \cite{" * crossref * "}" *

}



FUNCTION {and.the.note}

{ note output

  note empty$

     'skip$

     { add.period$ }

  if$

}



FUNCTION {article}

{ output.bibitem

  format.authors "author" output.check

  stupid.colon

  format.title "title" output.check

  new.block

  crossref missing$

    { journal emphasize "journal" output.check

      format.vol output

      format.date parens output

      format.pages output

    }

    { format.article.crossref output.nonnull

      format.pages output

    }

  if$

  and.the.note

  fin.entry

}



FUNCTION {book}

{ output.bibitem

  author empty$

    { format.editors "author and editor" output.check }

    { format.authors output.nonnull

      crossref missing$

        { "author and editor" editor either.or.check }

        'skip$

      if$

    }

  if$

  stupid.colon

  format.btitle "title" output.check

  new.sentence

  crossref missing$

    { format.edition output

      format.bvolume output

      new.block

      format.number.series output

      new.sentence

      publisher "publisher" output.check

      address empty$

         'skip$

         { insert.comma }

      if$

      address output

      format.date parens output

    }

    { format.book.crossref output.nonnull

    }

  if$

  and.the.note

  fin.entry

}



FUNCTION {booklet}

{ output.bibitem

  format.authors output

  stupid.colon

  format.title "title" output.check

  howpublished address new.block.checkb

  howpublished output

  address empty$

     'skip$

     { insert.comma }

  if$

  address output

  format.date parens output

  and.the.note

  fin.entry

}



FUNCTION {inbook}

{ output.bibitem

  author empty$

    { format.editors "author and editor" output.check }

    { format.authors output.nonnull

      crossref missing$

        { "author and editor" editor either.or.check }

        'skip$

      if$

    }

  if$

  stupid.colon

  crossref missing$

    { chapter output

      new.block

      format.number.series output

      new.sentence

      "In:" output

      format.btitle "title" output.check

      new.sentence

      format.edition output

      format.bvolume output

      publisher "publisher" output.check

      address empty$

         'skip$

         { insert.comma }

      if$

      address output

      format.date parens output

    }

    { chapter output

      new.block

      format.incoll.inproc.crossref output.nonnull

    }

  if$

  format.pages output

  and.the.note

  fin.entry

}



FUNCTION {incollection}

{ output.bibitem

  format.authors "author" output.check

  stupid.colon

  format.title "title" output.check

  new.block

  crossref missing$

    { format.in.ed.booktitle "booktitle" output.check

      new.sentence

      format.bvolume output

      format.number.series output

      new.block

      format.edition output

      publisher "publisher" output.check

      address empty$

         'skip$

         { insert.comma }

      if$

      address output

      format.date parens output

      format.pages output

    }

    { format.incoll.inproc.crossref output.nonnull

      format.chapter.pages output

    }

  if$

  and.the.note

  fin.entry

}



FUNCTION {inproceedings}

{ output.bibitem

  format.authors "author" output.check

  stupid.colon

  format.title "title" output.check

  new.block

  crossref missing$

    { format.in.ed.booktitle "booktitle" output.check

      new.sentence

      format.bvolume output

      format.number.series output

      address empty$

        { organization publisher new.sentence.checkb

          organization empty$

             'skip$

             { insert.comma }

          if$

          organization output

          publisher empty$

             'skip$

             { insert.comma }

          if$

          publisher output

          format.date parens output

        }

        { insert.comma

          address output.nonnull

          organization empty$

             'skip$

             { insert.comma }

          if$

          organization output

          publisher empty$

             'skip$

             { insert.comma }

          if$

          publisher output

          format.date parens output

        }

      if$

    }

    { format.incoll.inproc.crossref output.nonnull

    }

  if$

  format.pages output

  and.the.note

  fin.entry

}



FUNCTION {conference} { inproceedings }



FUNCTION {manual}

{ output.bibitem

  author empty$

    { organization empty$

        'skip$

        { organization output.nonnull

          address output

        }

      if$

    }

    { format.authors output.nonnull }

  if$

  stupid.colon

  format.btitle "title" output.check

  author empty$

    { organization empty$

        { address new.block.checka

          address output

        }

        'skip$

      if$

    }

    { organization address new.block.checkb

      organization output

      address empty$

         'skip$

         { insert.comma }

      if$

      address output

    }

  if$

  new.sentence

  format.edition output

  format.date parens output

  and.the.note

  fin.entry

}



FUNCTION {mastersthesis}

{ output.bibitem

  format.authors "author" output.check

  stupid.colon

  format.title "title" output.check

  new.block

  "Master's thesis" format.thesis.type output.nonnull

  school empty$

     'skip$

     { insert.comma }

  if$

  school "school" output.check

  address empty$

     'skip$

     { insert.comma }

  if$

  address output

  format.date parens output

  and.the.note

  fin.entry

}



FUNCTION {misc}

{ output.bibitem

  format.authors "author" output.check

  stupid.colon

  format.title "title" output.check

  howpublished new.block.checka

  howpublished output

  format.date parens output

  and.the.note

  fin.entry

  empty.misc.check

}



FUNCTION {phdthesis}

{ output.bibitem

  format.authors "author" output.check

  stupid.colon

  format.btitle "title" output.check

  new.block

  "PhD thesis" format.thesis.type output.nonnull

  school empty$

     'skip$

     { insert.comma }

  if$

  school "school" output.check

  address empty$

     'skip$

     { insert.comma }

  if$

  address output

  format.date parens output

  and.the.note

  fin.entry

}



FUNCTION {proceedings}

{ output.bibitem

  editor empty$

    { organization empty$

        { "" }

        { organization output

          stupid.colon }

      if$

    }

    { format.editors output.nonnull

      stupid.colon

    }

  if$

  format.btitle "title" output.check

  new.block

  crossref missing$

    { format.in.ed.booktitle "booktitle" output.check

      new.sentence

      format.bvolume output

      format.number.series output

      address empty$

        { organization publisher new.sentence.checkb

          organization empty$

             'skip$

             { insert.comma }

          if$

          organization output

          publisher empty$

             'skip$

             { insert.comma }

          if$

          publisher output

          format.date parens output

        }

        { insert.comma

          address output.nonnull

          organization empty$

             'skip$

             { insert.comma }

          if$

          organization output

          publisher empty$

             'skip$

             { insert.comma }

          if$

          publisher output

          format.date parens output

        }

      if$

    }

    { format.incoll.inproc.crossref output.nonnull

    }

  if$

  and.the.note

  fin.entry

}



FUNCTION {techreport}

{ output.bibitem

  format.authors "author" output.check

  stupid.colon

  format.title "title" output.check

  new.block

  format.tr.number output.nonnull

  institution empty$

     'skip$

     { insert.comma }

  if$

  institution "institution" output.check

  address empty$

     'skip$

     { insert.comma }

  if$

  address output

  format.date parens output

  and.the.note

  fin.entry

}



FUNCTION {unpublished}

{ output.bibitem

  format.authors "author" output.check

  stupid.colon

  format.title "title" output.check

  new.block

  note "note" output.check

  format.date parens output

  fin.entry

}



FUNCTION {default.type} { misc }



MACRO {jan} {"January"}



MACRO {feb} {"February"}



MACRO {mar} {"March"}



MACRO {apr} {"April"}



MACRO {may} {"May"}



MACRO {jun} {"June"}



MACRO {jul} {"July"}



MACRO {aug} {"August"}



MACRO {sep} {"September"}



MACRO {oct} {"October"}



MACRO {nov} {"November"}



MACRO {dec} {"December"}



MACRO {acmcs} {"ACM Computing Surveys"}



MACRO {acta} {"Acta Informatica"}



MACRO {cacm} {"Communications of the ACM"}



MACRO {ibmjrd} {"IBM Journal of Research and Development"}



MACRO {ibmsj} {"IBM Systems Journal"}



MACRO {ieeese} {"IEEE Transactions on Software Engineering"}



MACRO {ieeetc} {"IEEE Transactions on Computers"}



MACRO {ieeetcad}

 {"IEEE Transactions on Computer-Aided Design of Integrated Circuits"}



MACRO {ipl} {"Information Processing Letters"}



MACRO {jacm} {"Journal of the ACM"}



MACRO {jcss} {"Journal of Computer and System Sciences"}



MACRO {scp} {"Science of Computer Programming"}



MACRO {sicomp} {"SIAM Journal on Computing"}



MACRO {tocs} {"ACM Transactions on Computer Systems"}



MACRO {tods} {"ACM Transactions on Database Systems"}



MACRO {tog} {"ACM Transactions on Graphics"}



MACRO {toms} {"ACM Transactions on Mathematical Software"}



MACRO {toois} {"ACM Transactions on Office Information Systems"}



MACRO {toplas} {"ACM Transactions on Programming Languages and Systems"}



MACRO {tcs} {"Theoretical Computer Science"}



READ



STRINGS { longest.label }



INTEGERS { number.label longest.label.width }



FUNCTION {initialize.longest.label}

{ "" 'longest.label :=

  #1 'number.label :=

  #0 'longest.label.width :=

}



FUNCTION {longest.label.pass}

{ number.label int.to.str$ 'label :=

  number.label #1 + 'number.label :=

  label width$ longest.label.width >

    { label 'longest.label :=

      label width$ 'longest.label.width :=

    }

    'skip$

  if$

}



EXECUTE {initialize.longest.label}



ITERATE {longest.label.pass}



FUNCTION {begin.bib}

{ preamble$ empty$

    'skip$

    { preamble$ write$ newline$ }

  if$

  "\begin{thebibliography}{"  longest.label  * "}" * write$ newline$

}



EXECUTE {begin.bib}



EXECUTE {init.state.consts}



ITERATE {call.type$}



FUNCTION {end.bib}

{ newline$

  "\end{thebibliography}" write$ newline$

}



EXECUTE {end.bib}










